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liding-mode control (SMC) is a major field of au-
tomatic control that originated in Germany [1], [2]
and the former Soviet Union [3], [4] approximately
70 years ago, during the development of relay sys-
tems (see the "Summary" for an article overview).
Sliding-mode principles were later incorporated into the
design of differentiators and observers [5], [6], and [7].
Higher-order sliding modes were introduced by Levant
and coauthors in [6], [7], [8], [9], and [10]. They represent-
ed significant progress for control and differentiation, the
most prominent algorithm being the supertwisting scheme.
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B SRENE

Overviews of SMC and its applications can be found in [11],
[12], [13], [14], [15], and [16]. The mathematical foundations
for sliding modes were developed mainly by Filippov [17],
[18] within the framework of set-valued analysis and dif-
ferential inclusions (DIs). Although other mathematical set-
tings exist (maximal monotone operators being an impor-
tant one, as shown in this article), Filippov’s DIs remain the
most popular mathematical concept in the field of automatic
control. Later, discrete-time implementations were studied;
see “Discrete-Time Sliding Modes in Control” for a brief his-
torical summary of discrete-time sliding modes.

The chattering phenomenon has long been recognized as a
major obstacle to the implementation of set-valued sliding-
mode systems, hampering a wider utilization in applications.
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A significant contribution of this work is the establishment of a clear
connection hetween control methodologies and optimization algorithms.

Generally speaking, chattering is a high-frequency bang-bang
input signal that harms actuators and can result in closed-loop
instability [19], [20], [21] as well as high-frequency oscillations in
the output signal. The time discretization of set-valued sliding-
mode controllers is a major source of chattering when explicit
(or forward-Euler) methods are used [22], [23], [24], [25], [26], [27],
[28], [29], [30]. This has led to the introduction of a new dis-
cretization approach in the field of control, commonly known
as the implicit (or the backward-Euler) method [31], [32], [33].
The main objective of this article is to show that the
implicit and semi-implicit methods for the discrete-time
implementation of set-valued sliding-mode controllers,
observers, and differentiators are tightly related to the sub-
ject of optimization and that this close relationship allows us
to consider the implicit/semi-implicit algorithms from a uni-
fied point of view. Within this setting, tools from convex
analysis, complementarity theory, proximal-point algo-
rithms and proximal operators, maximal monotone opera-
tors, and variational inequalities are crucial. This was
alluded to in [21], [31], [32], [33], [34], [35], [36], [37], [38], [39],

Summary

his article investigates how classical sliding-mode meth-

ods, typically associated with discontinuous signals and
high-frequency switching, can be more effectively under-
stood and implemented using principles from optimization
and convex analysis. For continuous-time systems, this
study identifies energy dissipation as a fundamental as-
pect of the method. In discrete-time implementations, the
research shows that employing the well-established back-
ward-Euler discretization allows us to preserve robustness
against matched disturbances as well as finite-time conver-
gence while drastically reducing high-frequency oscillations
(known as the chattering phenomenon).

A significant contribution of this work is the establishment
of a clear connection between control methodologies and
optimization algorithms. By creating this link, powerful opti-
mization techniques can be utilized to simplify the analysis
and enhance the design of control systems. The examples
included in the article illustrate how this integrated approach
yields robust and efficient strategies that can be applied for
control, state observation, or signal differentiation. In addi-
tion, this study presents some variants of classical optimi-
zation algorithms specifically designed to address practical
implementation challenges, facilitating the adoption of these
advanced methods in real-world scenarios.
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[40], [41], and [42] and especially in [43], [44], and [45], where
resolvents and Yosida approximations were used for the first
time in this context. When implicitly or semi-implicitly dis-
cretized, sliding-mode controllers and differentiators yield
new kinds of proximal-point algorithms, named robust, time-
varying, higher-order, and Hamiltonian proximal point, all of
which belong to a class of nonlinear difference equations.

Control systems are mainly designed in a continuous-
time setting, with their discretization being part of a subse-
quent step. When the discrete-time control is designed to
emulate the continuous-time control—a procedure called
emulation—it is usually expected that the continuous-time
closed-loop properties (robustness, stability, passivity, etc.)
will be preserved if the sampling time is short enough [46,
Ch. 3]. It is well known, however, that the discretization
process can degrade performance and modify the system’s
properties (location of zeroes [47], passivity [48], etc.).

Systems with sliding modes are particularly sensitive to
the employed discretization method, some aspects of
which are summarized in the flowchart of Figure 1. In fact,
it has been verified analytically and experimentally that
explicit emulation applied to sliding-mode set-valued sys-
tems yields ill-posed discrete-time systems that fail to
approximate the set-valued control input, no matter how
short the sampling time is.

This tutorial article is organized into three main parts. The
first part is dedicated to first-order sliding-mode controllers,
the second part focuses on higher-order sliding-mode sys-
tems (controllers, differentiators, state observers, etc.), and the
third part discusses computational issues and presents exper-
imental results. The article’s main objectives are: 1) to shed
new light on first-order schemes, in both continuous and dis-
crete-time settings, using passivity as a guideline; 2) to show
that proximal-point algorithms can be used as a unifying
framework for the analysis and implementation of backward-
Euler schemes applied to first-order and higher-order
schemes; 3) to provide preliminary ideas on computational
issues associated with the implementation of backward-Euler-
based schemes (controllers, observers, differentiators, etc.);
and 4) to survey the results (theoretical and experimental) that
have been obtained so far concerning the backward-Euler dis-
cretization of set-valued sliding-mode systems.

SUBGRADIENT FLOWS, PROXIMAL ALGORITHMS,
AND FINITE-TIME CONVERGENCE

The close relation between optimization and the implicit dis-
cretization of set-valued sliding-mode systems is illustrated in
this section (see “Set-Valued Mappings and DIs” for a
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Discrete-Time Sliding Modes in Control

he most widespread discrete-time algorithms for sliding-

mode implementation consist of an emulation method cou-
pled with a forward-Euler discretization, which leads to sliding
dynamics similar to (7). This particular approach has long been
known to produce high-frequency bang-bang controllers, and
thus digital chattering [S1], [S2] (see Figure 8). Digital chat-
tering has been deeply analyzed in [22] and [29] for various
sliding-mode controllers. A common way to deal with such
unwanted dynamical behavior consists of the regularization of
the set-valued signum map (most of the time simply replacing it
with a saturation function). Such an approach is essentially an
engineering trick, and the necessary parameter tuning to find a
correct tradeoff between sampling time and saturation width is
often difficult. This has prompted researchers to design other
types of discrete-time sliding-mode controllers, which should
be designed directly in the discrete-time setting (whether the
plant is a “pure” discrete-time system or results from the time
discretization of a continuous-time plant). See, for instance,
[S3] for a survey.

Let sk be the discrete-time sliding variable. Imposing sx+1 =0
yields a dead-beat input [S4]. This should be avoided in general;
see Remark 6. To that end, various strategies have been pro-
posed in the literature. A quasi-sliding mode is characterized by
a tube defined by an inequality IskI< &, € > 0, see Figure S1.
Designing control laws that render this tube invariant and
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FIGURE S1 Discrete-time quasi-sliding trajectories. In discrete
time, the concept of quasi-sliding refers to relaxing the exact
sliding condition x € X := {x|s(x) = 0} by allowing the state to
converge, in finite time, toward a neighborhood of the sliding
surface (green area). This relaxation is mainly motivated by the
fact that, for a discontinuous controller, no selection process is
available, forcing the control input to switch at each time step.
It is also important to note that, in this specific case, there are
no external disturbances affecting the system. Thus, digital
chatter arises due to the discontinuous nature of forward-
Euler controllers.
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FIGURE S2 Discrete-time sliding trajectories. Contrary to the
discontinuous case, set-valued controllers can attain the exact
sliding surface in finite time for the nominal case without distur-
bances. This property is a consequence of the multivalued
nature of the control map, allowing one to set up a selection
process for computing the suitable input that will maintain the
system in sliding mode. One simple way of setting a selection
procedure is via the backward-Euler discretization of the multi-
valued terms as stated in Proposition 1. For the case when
uncertainties are present, a selection strategy is presented in
the “First-Order SMC: Discrete Time” section.

attractive in a finite number of steps is a research topic initi-
ated in [S5], [S6], [S7], and [S8] and active until recently; see,
for instance, [S9], [S10], and [S11]. This method mainly con-
sists of setting Sk+1 = f(Sk, Xk, k) for some f and then seeking a
controller (a reaching law) guaranteeing this condition. Various
reaching conditions have been stated in the related literature,
see [49] and [S12]. Most of the reaching laws use signum func-
tions [S8], [S9], [S10], [S11] and thus share close similarities
with explicit-Euler schemes. Another branch of analysis was
more recently tackled by Levant and Livne [50], [S13], [S14],
[S15], concerning the discretization of higher-order and homo-
geneous sliding-mode schemes, with special attention paid to
the accuracy of differentiators.

It is noteworthy that the first-order controllers proposed in
[S1] and [S2] are backward-Euler algorithms (hence similar to
the algorithms described in the “First-Order SMC: Discrete-
Time” section), with the assumption that the equivalent con-
troller is known, hence ignoring unknown disturbances. A
minimum-operator scheme, as in (14b), is proposed in [49]
to address unknown disturbances. Within the framework of
so-called reaching laws [S8], minimum-operator control-
lers simply provide an alternative reaching law. However, no
unknown disturbances were considered in a general context

(Continued)
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Discrete-Time Sliding Modes in Control (Continued)

for backward (implicit) Euler discretization before [32], hence
seriously limiting the applicability of such controllers (the link
between minimum operators and backward-Euler methods
was made much later in [51]). The key idea in [32] and sub-
sequent works cited in this article is to keep the set-valued
feature of sliding-mode controllers in the discrete-time design,
hence showing that digital chattering is not unavoidable; see
Figure S2 (contrary to some widely held beliefs that arise
from experience with the forward-Euler scheme [S4]). Gen-
eralized equations, variational inequalities, complementarity
problems, and maximal monotone operator theory were intro-
duced in digital SMC design for the first time in [21], [31], [32],
[33], [43], and [44]. The purpose of this article is precisely to
give a broader perspective on this point of view.
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FIGURE 1 A flowchart of the implementation of control systems using sliding modes. From the point of view of traditional SMC, a discon-
tinuous feedback law is enforced on an ordinary differential equation (ODE). A consistent notion of solution requires the conversion of
the closed-loop discontinuous differential equation into a DI (Filippov’s convexification). Alternatively, a set-valued feedback law can be
directly formulated from the outset, yielding again a DI from which a continuous selection is uniquely chosen (thick blue line). The result
is a well-posed ODE with a stable desired equilibrium. Some practitioners bypass Filippov’s convexification by replacing the discontinu-
ous law with an arbitrary approximation (typically a saturation). The outcome may be the destabilization of the desired equilibrium. A
backward-Euler discretization of the sliding-mode controller results in a difference inclusion from which, in analogy with the continuous-
time case, a selection can be made to form a well-posed difference equation with a stable desired equilibrium (thick blue line). The
formulation of the difference inclusion, together with its solution techniques, is usually referred to as the implicit (or backward-Euler)

method. (a) Continuous time. (b) Discrete time.
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Set-Valued Mappings and Dis
he concept and properties of sliding modes are crucial to this
article. Sliding modes are defined and analyzed through the
lens of Dls, which, in turn, involve set-valued operators. The fol-
lowing material is taken from [S16], [S17], [S18], [S19], and [S20].
It aims at giving a concise introduction to Dls in finite dimensions.
We start with a few basic definitions. A set-valued operator
or multifunction F : R” = R™ is a map that associates with any
x € R", a subset F(x) c R™. The domain of F is
dom F ={£ € R"|F(£) + @}. (S1)
The inverse mapping (set-valued or single-valued) of F
is defined as F': R"= R" with F'(y) = {£ € R"ly € F(£)}.
Given a set EcC R", its inverse image by F is defined as
F'(E)=U,ce F'(y). The range of the operator F is

rge F={neR"IneF() forsome & € R"} (52)
and its graph is
gphF ={(£,7) e R"xR"In € F(£)}. (89)

FILIPPOV’S DIs
We can now pass to the presentation of various types of Dls,
which are central to this article. DIs provide a mathematical
framework for the study of systems with discontinuous models.
Namely, for a discontinuous differential equation of the form
x(t) = f(x(t),1), x(to) =Xo (S4)
where the single-valued map f:R” x R. — R" is measurable in
both arguments and locally bounded, it is well known that, in
general, a solution in the sense of Carathéodory fails to exist
[that is, an absolutely continuous function that satisfies (S4)
almost everywhere (a.e.)]. Thus, to make sense of (S4), Filip-
pov’s convexification method considers instead the DI
X(t) € F(x(t),t), x(to) = Xo (S5)
where F(x,f)=N¢>0 N ya)=o0 %{f((x +eB)\Q, t)}, CoA de-
notes the closed convex-hull of A, and u(Q) denotes the
Lebesgue measure of the set Q c R". Thus, absolutely con-
tinuous functions that satisfy (S5) a.e. are solutions of (S4)
in the sense of Filippov, see, for instance, [17] and [18]. On
the other hand, if instead of (S5) we consider the DI
x(t) € K(x(8),), x(t) =Xo (S6)
where K(x,t)=n¢>0 o {f(x + £8B,1)}, then, absolutely continu-
ous functions that satisfy (S6) a.e. are said to be solutions
of (S4) in the sense of Krasovskii. In general, Filippov and
Krasovskii solutions are different; see, for instance, [52].

SEMI-CONTINUITY OF SET-VALUED MAPS

What are the general conditions that guarantee the existence of
absolutely continuous solutions? Similarly to the Carathéodory
conditions of ordinary differential equations (ODEs), continuity
properties play a fundamental role in ensuring the existence of
solutions of Dls.

Definition S1

The set-valued map F:R"=R" is outer semicontinuous
(OSC) at x € dom F if, for any sequence {(xx,y«)} such that
(xx,yx) € gph F forallkand (x«,yx) — (x,y),onehas (x,y) € gphF.
The set-valued map is said to be OSC if it is OSC at every
x € domF. The following characterization is similar to the usu-
al € — & formulation of continuity for single-valued functions.

Fact 1

The set-valued map F:R"” = R™ is OSC in xo if, for all € >0,
there is a neighborhood N(xo) such that x e N(xo) implies
F(x) C F(xo) + €82 [where the unit ball B2 is defined in (S56) in
“Convex Analysis Tools”].

Notice that OSC is also sometimes called upper semicon-
tinuity, though OSC now seems to be a widely adopted termi-
nology. Filippov’s map in (S5) is OSC. Using Fact 1, it is easy
to verify that the set-valued signum function is OSC (in par-
ticular, at xo =0). Another set-valued map that is commonly
used, namely the normal cone to a convex set (see Definition
S8), is also OSC (this follows from Fact 1). Intuitively, OSC
means that, when moving away from xo, the set F(x) does
not “explode” suddenly. Fact 2 is helpful in establishing the
OSC of monotone operators (see Fact 4 in “Maximal Mono-
tone Operators”).

Fact 2
If F:R" = R™ is OSC at x, then F(x) is a closed set (hence, an
OSC set-valued map F is closed valued). Moreover, F is OSC
if and only if gphF is closed.

Set-valued maps can also be inner semicontinuous (ISC).
However, we do not use ISC maps in this article. A set-valued
map that is both OSC and ISC is said to be continuous.

WELL-POSEDNESS, SLIDING MODES, AND SELECTIONS
The conditions of the following theorem can be considered as
an extension of Carathéodory conditions for Dls.

Theorem S1 ([S16, Thm. 5.1 and 5.2])

Let F:R"x[0,T] = R" be an OSC map for almost all t € [0,T]
and with closed and convex images. Assume there exists a
function ¢ € L+([0, T],R) such that, for all t € [0,T]

sup [Inll<c@ @ +[x|).
neFxt)

(Continued)
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Set-Valued Mappings and DIs (Continued)

Then, for every x(0) =xo € R”, the DI x(t) € F(x(t),t) has an
absolutely continuous solution on [0, T].

Theorem S1 can be applied to (S5) and (S6). Since Filip-
pov’s and Krasovskii’'s DIs have been introduced previously, it
is natural to present the notion of a sliding mode (or surface),
which was the original motivation.

Definition S2
A solution x:[t,t] - R", t1 <t> of the DI x(f) € F(x(t),t), is
said to be a sliding mode if intF (x(t),f) # @ for all t € [t1,t2].

Transversal vector fields to a discontinuity manifold do not
satisfy this definition [consider, for instance, x(t) = (1,—2)" if
x1(t) <0and x(t) = (1,2) " if x1() > 0, x(t) € co{(1, —2),(1,2)}
if x1(t) = 0], but repulsive manifolds may satisfy it [consider
X(t) € sgn(x(t))].

The notion of a selection is also central in this work, as it
allows us to rigorously interpret the backward-Euler discreti-
zation. Inputs are selections of the set-valued right-hand side
when the system is in a sliding mode, as stated in Filippov’s
mathematical framework.

Definition S3 ([S19, p. 35])
Let F:R" = R™ be a set-valued mapping. Then, a single-val-
ued mapping A:R" — R™ satisfying A(x) € F(x) for all x € R"
is a selection.

A solution of the DI must satisfy x(t) = A(x(t)) for all t with A
a selection. In the time-varying case with F:R" xR = R", one
can augment the state with time as © = 1, 7(0) = to, and define
a selection accordingly as A(x,7) € F(x,7) for all x and 7. For
instance, consider x(t) € F(x,t) =—sgn(x () +&(t), |S1)| < 1,
x(f)e R, & a continuous function. A selection is given by
Ax,7)=—1+8(z) if x>0, 1+6(7) if x<0, and £+65(7)
with £ € [-1,1] if x=0.

SUBGRADIENT DlIs
Apart from Filippov’s or Krasovskii’s Dls, other types of set-val-
ued systems exist and are useful in the context of this article.
Dls of the form

S(t) e—af(s(t)) +5(t) (S7)
can be formulated directly without calling upon a discon-
tinuous differential equation. In (S7), f is assumed convex,
proper, and lower semicontinuous (LSC, see Definition S6),
of is the subdifferential of f in the sense of convex analysis
(see “Convex Analysis Tools”), and §:R - R" is a measur-
able and uniformly bounded function accounting for external
disturbances affecting the system. Such systems appear in
(25) and (39). Notice that since the subdifferential in (S7) de-
fines a maximal monotone mapping (see Theorem S2), the
right-hand side of this DI is OSC, and Theorem S1 is appli-
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cable by Fact 3. It can be shown that, under some condi-
tions on a nondifferentiable function f:R"” — R, Filippov and
Krasovskii’s convexification processes on the corresponding
gradient system yield of [S24].

The previous results are presented for the case where
dom(F) = R". They can be adapted to the case dom(F) c R”
by adding some conditions [S16, Thm. 5.1 and 5.2] [in particu-
lar, x(0) = xo € dom(F)]. This is encountered in the context of
maximal monotone right-hand sides like (S7) when f is the in-
dicator function of a closed nonempty convex set K c R" (see
Definition S9).

A ROBUSTNESS RESULT

The set-valuedness of SMC systems (or differentiators) is ex-
tremely useful because it implies the intrinsic robustness of
these schemes. This is manifested in the following.

Proposition S1
Consider the perturbed subgradient system (S7) with
f:R™ - RU{+o0} a proper, convex, and LSC function such
that domf=R"s. Suppose that there exists a fixed & >0
such that

S(t) + B2 C 9f(0) (S8)
for all t= 0. The origin is finite-time stable. Note that condition
(S8) implies that of is not a singleton at s = 0 and that §(f) is
uniformly bounded.

Proof

The DI (S7) is of the form $(t) € —M(s (t),t), where the operator
M(-,f) is maximal monotone for each t. Under mild conditions
on &, the DI possesses unique absolutely continuous solutions
on Ry for any initial condition [S21, Thm. 3.4]. Consider the
Lyapunov candidate function V(s)=1/2|s|. The set-valued
derivative [S22] of V along trajectories of (S7) is

V(s)={-sT0+sT810 e af(s)).

Since (s,¥) e gphof and f is proper, convex, and LSC, it fol-
lows that

sTO =1£(s)+1(9) (S9)
where f* denotes the conjugate function to f (see Definition S10
and Theorem S4 in “Convex Analysis Tools”). Consequently,
from (S8), we see that §(t) + ep € 9f(0) for any p € B> and any
t € R:. By the definition of subdifferential (see Definition S7 in

“Convex Analysis Tools”)
5"s <—gp's+f(s)—1(0) (S10)

(Continued)
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Set-Valued Mappings and DIs (Continued)

for any s € R" and for any p € 8B-. Since 9f(s) is compact for
any s € R” [S23, Thm. 23.4], max V(s) is well defined. Combin-
ing (S9) and (S10), we obtain

max V(s) <—ep’s — F (9) — £(0) (s11)
for any p € 82 and some ¢ € 9f(x). Suppose that s # 0 and
set p=s/|s| e B.. Recalling that f(3)+f(0)>0 for any
¥ € R" gives

max V(s) < — e||s]|=— e4/2V(s). (S12)

For s =0, the inequality follows trivially.
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dient systems [see (57)]

x(t) € —of(x(1)) ©)
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stable.
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x(£) = e x (ko) +ftte“(”” bu(t)dr. @

Thus, assuming that the control input u#(t) remains con-
stant during the intervals [tx, tx+1), it is deduced that

Xi+1 = dxx + buy ®)

where x(t) = x, ux = u(ty), @ =e™, and b = ((¢™ —1)b) /a.

The Forward-Euler Method
Consider first the explicit (forward-Euler) discretization of
(2), that is, ur = usv(xx), where

—Usy (Xx) € ksgn (k). 6)

The closed-loop discrete-time dynamics becomes
Xk+1 € AXk — Elcsgn (xx). (7)

It is worth emphasizing that, at xx =0, the inclusion (7)
does not have a unique solution as the right-hand side is
set-valued. Moreover, with such feedback, the origin is not
finite-time stable, no matter how small / is. Indeed, the
origin becomes unstable, and an asymptotically stable limit
cycle appears, creating numerical (or discretization or digital)
chattering. The amplitude of the limit cycle is proportional
to the control gain k and to & through b: if h decreases to
zero, then the amplitude of the limit cycle also decreases,
and at the limit, the oscillation disappears. On the other
hand, if & increases, then b increases, and the amplitude
increases. This contrasts sharply with the implicit method
described in the following, which is relatively insensitive to
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an increase in the sampling time (see Figures 2 and 3). The
existence of limit cycles in explicitly discretized sliding-
mode systems has been analyzed in depth in [22], [23], [24],
[25], [26], [27], [28], [29], [30], and [55]. It is inferred that digi-
tal chattering is intrinsically linked to the explicit discreti-
zation [not to be confused with the explicit forms of the
implicit (backward-Euler) discretization, as detailed next].

The Backward-Euler Method
Consider now the backward-Euler discretization of (2)

— ey (xx) € KSgN (Xk41) ®)
which results in
Xp+1 € dxk — brsgn (xi+1). &)

In this case, the closed loop is well-posed as the state xk+1
depends only on data available at time tx = kh, (thatis, 4, b,
k, and xx). In fact, (9) is equivalent to the following general-
ized equation in the unknown x+1:

axy € (Li+ brsgn) (xi+1) (10)
where I; is the identity mapping. In view of the maximal
monotonicity of the sign multifunction (see “Maximal Mono-
tone Operators”), the generalized (10) has a unique solution

Xi+1 = ProXieg (fxr) (11)

X

~ ~ 0’
Xk41 € @Xk— bi SGN(Xy,1) *
P |

1
1
1
1
1
1
1
1
1

S —

FIGURE 2 A cobweb diagram of (9) with parameters: a = 0.5,
bk = 0.75. The implicit discretization of the set-valued law (2)
yields an iteration with a maximal monotone map such that, for
any initial condition, the state converges toward the origin after a
finite number of steps.
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where Prox; denotes the proximal mapping of the function
fand g(-)=|-| (see “Proximal Mapping and Proximal-
Point Algorithm” for more details). In this case

Proxixg (axx) = dxi — Elcsgn (xx) min{l;i\ xxl, 1} (12)
K
or, equivalently
. bk
< UKk
Proxixg (axx) = HESE a. (13)

axe— b sgn(xx) otherwise

The iteration (11) is an instance of the proximal-point
algorithm (see Definition S5 in “Proximal Mapping and
Proximal-Point Algorithm”), widely studied in the lit-
erature of convex optimization [56] and recognized as
an effective discretization of the subgradient system (3)
[57]. It is an explicit form of the algorithm implic-
itly defined by (9) and falls within the context of
Krasnosel’skii-Mann iterations [58]. Thus, its conver-
gence is guaranteed by Krasnosel’skii-Mann Theorem
[58] for any proper convex LSC function g, whenever the
set of minimizers of g is nonempty [58, Thm. 1.1]. More-
over, since, in particular, ¢(-) =|- | implies 0 € intdg(0),
the origin of (9) is globally finite-time stable for any
h >0 [59] and exhibits no oscillations at all. [Figure 2
shows the cobweb diagram of (9).] On the other hand,
the explicit discretization (7) exhibits oscillations.
[Figure 3 shows the cobweb diagram of (7).]

X1 € X — bic sgn(x)

N
Reg-mmm---

A Y

7

FIGURE 3 A cobweb diagram of (7) with parameters a = 0.5,
bk = 0.75 for two different initial conditions. The explicit discreti-
zation of the set-valued law (2) yields an iteration with a nonmono-
tone map such that, for almost all initial conditions, the closed-loop
shows an oscillatory behavior. The amplitude of the oscillation is
proportional to the control gain .
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Maximal Monotone Operators
ince their introduction in 1960 by Minty [S25], maximal
monotone operators have found application in several
domains. From optimization to partial differential equations,
maximal monotonicity appears as a fundamental property in
the study of the convergence of numerical schemes via fixed-
point methods.

Definition S4

A set-valued operator M:R" = R" is said to be monotone [re-
spectively strongly monotone] if, for any two pairs (x;,yi) € gph M,
i=1,2

F,a>0).

(X1— X, y1— y2)>0 (resp.>al x1 — xz (S13)
The operator M is maximal monotone if it is monotone and its
graph is not strictly contained inside the graph of any other
monotone operator; see Figure S3.

Whenever the domain of an operator is not the whole ambient
space, M:dom(M) € R" = R" (think of the normal-cone map-
ping), we will simplify the notation to M: R” = R". The Euclidean
scalar product (-,-) is used in (S13). However, in the frame-
work of this article (finite-dimensional systems defined on R"),
it is possible to extend the definition to weighted inner products
(X,¥ )y =Xx"My with M =M > 0. The archetypal example of a
maximal monotone map is the convex subdifferential of a convex
function [see Definition S7 and (7) in “Convex Analysis Tools”].

Theorem S2

See [S28, Thm. 20.40]. Let f:R" -~ RuU{+c} be a proper,
convex, and LSC function. Then, of : R” = R" is maximal mono-
tone. The next fact states a strong property of maximal mono-
tone maps.

Fact 3
Let M:R" = R" be maximal monotone, and let x € R". Then,
M(x) is closed and convex.

As seen in “Set-Valued Mappings and Dls,” outer semicon-
tinuity (OSC) is an essential property in the context of Dls. It
happens that OSC and maximal monotonicity are closely re-
lated. The following property is a consequence of Fact 2 in
“Set-Valued Mappings and Dls.”

Fact 4

A maximal monotone operator M: R” = R” has a closed graph;
hence, it is OSC. Therefore, in finite dimensions, maximal
monotone maps can be considered as OSC maps with an ad-
ditional monotonicity (or incremental passivity) property.

It will be useful to consider rint(domF), the relative interior
of dom F, which is the interior when the ambient space is con-
sidered to be the affine hull of dom F. For instance, the interior
of a nontrivial planar disk in D c R® is empty because D has no
thickness. Let us embed D into the plane that contains it (which

(c) (d)

FIGURE S3 Four input—output characteristics. In the literature of
sliding modes, the control input is associated with the action of
switches. Some models, such as (a), (b), and (d), are multival-
ued, whereas others, such as (c), are discontinuous. Models
(a) and (b) consider a hysteresis effect, and they are not mono-
tone, whereas models (c) and (d) represent ideal switches. It is
noteworthy that both ideal switches are monotone, but (c) is not
maximal monotone.

is its affine hull). Then, the interior of D, seen as a subset of this
plane, is nonempty.

Maximal monotonicity is preserved by elementary opera-
tions. Consider two maximal monotone operators M;: R” = R”,
i=1,2,andlet Le R"*™ and y > 0. Then
1) M;' and yM; are maximal monotone.

2) M+ Mz is maximal monotone whenever

rint(domMy) Nnrint(dom M2) # @. (S14)
3) Ti(x) = L"M;(Lx) are maximal monotone whenever
rge (L) nrint(dom M;) # @. (S15)

4) The mapping x——Ax+B(D+M")"(Cx) is maximal
monotone whenever

Im(C)nrint(Im(D+M™")) # @ (S16)

M is maximal monotone, and the quadruple (A, B, C, D) is
passive.

ltems 1, 2, and 3 are classical [S17]. Inverse mappings are
defined in “Set-Valued Mappings and DIs.” Item 4 follows from
[S26], building upon results in [S27] and [60] [there, monoto-
nicity is understood with the weighted inner product defined
by the solution P = P" > 0 of the linear matrix inequality (LMI)

(Continued)
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Maximal Monotone Operators (Continued)

characterizing the passivity of the quadruple]. It means that
the negative feedback interconnection of a passive linear
invariant system with a maximal monotone static nonlinearity
M preserves the maximal monotonicity. To some degree, this
is an extension of [S17, Ex. 12.45 (b)]. The following theorem
reveals one of the most important properties of monotonicity in
the context of optimization algorithms (see “Proximal Mapping
and Proximal-Point Algorithm”).

Theorem S3

Let M:R" = R"” be a monotone operator. Then, M is maximal

monotone if and only if for any y > 0, rge(ls + yM)=R".
Given a maximal monotone operator M, we construct

Tm:= (la+yM)™ (817)

called the resolvent of M of index y > 0. Thus, an alter-
native statement of Theorem S3 is that dom JT,m=R". An
immediate corollary is that, for any y € R", the generalized
equation

y €x+yM(x) (S18)

always admits a solution x € dom M. It can be shown that Jym
is single-valued [S28, Corollary 23.10]. In other words, it is
shown that the solution of (S18) is unique.

It follows from Theorem S2 that, if f is proper, convex, and
LSC, then the generalized equation

y € x+ yof(x) (S19)

has a unique solution x = T (y) for any yeR". Such
generalized equations appear mainly in convex optimization

Implementation of the Backward-Euler Method

For implementation purposes, an explicit expression
for the selection of the control law in (8) can be com-
puted with the help of (5), as shown in the following
proposition.

Proposition 1
For the closed-loop (5) and (8), the explicit expression (selec-
tion) of the control input is as follows:

e () = Proj([— %, Kl; %xk) (14a)

—Usy (X%) = ngn(xk)min{;—lc\ xxl, 1}. (14b)

Proof
The proof follows directly from (11) and (12). Indeed, from
(5), we have that
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problems and the explicit computation of a control selection.
Another important single-valued map is the Yosida approxima-
tion of M of index y

Y= % (la— Tom) (S20)

which is Lipschitz continuous with a Lipschitz constant equal
to 1/y. It is known that

Ym=(yla+M ") (S21)

that is, Yym(X) =T amm1((1/y)x) [S17, Lemma 12.14]. A con-
nection between monotonicity and passivity (see “Passive
Systems”) is expressed by the fact that, for any x € R", we
have [S29, Thm. 2, Ch. 3]

(Tm(x), Ym(x)) € gph M. (522)
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AXk — Xk+1

7 (15)

—Usv (xk) = = %(Id - PI'OXEKg) (ﬁXk)

where we have used (11) to obtain the last equality. The
substitution of (12) back into (15) yields

— sy (xk) = ksgn (xx) min{é}—K| Xk, 1}. (16)

Finally, the equivalence of the last expression with the
projection map follows from direct computations. Clearly

if%|xk\flc,

Proj([—lc, K], =x ) = {EXk
ksgn(xx) otherwise.

‘3‘1|hx
=

= sgn (xx) min{% Xk, K}
=K sgn (xk)min{gl—K| xil, 1}. 17)
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Proximal Mapping and Proximal-Point Algorithm

roximal operators and proximal-point algorithms are funda-

mental tools in optimization. The founding fathers of this field
are Jean Jacques Moreau [S30], [S31], [S32], Kbsaku Yosida
[S33], R. Tyrell Rockafellar [S17], [56], and Hedy Attouch [S34].

As seenin (11), (14), (76), (88), (98), and (99), proximal oper-
ators and proximal-point algorithms are important tools for the
implicit discretization of subgradient systems. While the con-
vergence properties of proximal-point algorithms have been
thoroughly studied in the literature, the robustness of these
algorithms in perturbed scenarios—which naturally arise in
control applications—remains unknown in the field of optimi-
zation. Given a maximal monotone operator M:R” = R" (see
“Maximal Monotone Operators”), its set of zeros is denoted by
zeroM=M"(0)={£ € R"1 0 € M(£)}.

Definition S5

See [S28, p. 345]. Assume that M: R” = R" is a maximal mono-
tone operator satisfying zeroM # @, and let xo € R” and y > 0.
The proximal-point algorithm associated with M is defined as

Xer1 =TI m(x), ke N (823)

where Jym is the resolvent of M.

Theorem 1 in [S35] establishes the convergence of (S23)
toward the set zero M. Given a convex, proper, and LSC (see
Definition S6) function f:R” — R U {+ oo}, the operator

Prox = (la+ of) (S24)
is called the proximal mapping associated with f [S28, Def.
12.23]. By definition, when M = of the algorithm (S23) is equiv-
alent to any of the following iterations:

Xk+1 = Proxys (Xx) (S25)

Xk+1— Xk G—’)/af(XkH) (826)

Xer1 = argmin{f(g) e Il 2}. (S27)
EcR" Y

The form (S25) gives the algorithm its name. In light of the usual
first-order necessary conditions for optimality, convergence to-
ward zero M = zero of holds clear practical significance in opti-
mization. Another useful property—readily seen from (S24)—is

zero Prox; = of(0). (S28)

Also, note that if f=¥¢ (see Definition S9) with CCR" a
closed convex nonempty set, then

Prox¢ =Proj(C;-) = (la+ Nc) . (S29)

When implicitly or semi-implicitly discretized, several higher-
order differentiators and controllers involve the resolvent of the
subdifferential of the convex, proper,and LSC function f : R — R,
X — (1/2) yx®+ Y11 (x), v > 0, that is, af(x)=7yx+Nr1,1(x),

see “Convex Analysis Tools.” This boils down to calculating the
inverse of the set-valued function af": x — (1 + y)x + N1,1 (x),
which is a saturation
-1 fy<—1-vy
Tor)=1 5 lyy ifyel-1-v,1+7l.
1 ify=1+7y

(S30)

Remark S1
It can be readily seen from (S26) that the proximal-point algo-
rithm corresponds to the backward (implicit) Euler discretiza-
tion of the gradient system x(f) € — y/h af(x(t)), which is well
known to be more efficient and have better approximation
properties than its forward (explicit) Euler counterpart [57].
Implicit discrete-time sliding-mode controllers and differen-
tiators will frequently yield perturbed iterations of the form

Xk+1 = ij(xk A Wk) 5 (831)

The next proposition is the discrete-time counterpart of
Proposition S1.

Proposition S2

Robust proximal-point algorithm. Consider the perturbed
proximal-point algorithm (S31) with y >0 and M:R"=R" a
maximal monotone operator such that

(YM)’1(U Wk)Z{O}-

keN

(S32)

The origin x = 0 is globally asymptotically stable. If, moreover

(ym)~ ( U Wk+£8):{0}

keN

(S33)
for some ¢ > 0, then it is globally finite-time stable.

Proof
From the definition of the Yosida approximation (S20), it follows
that Xk+1 = Xk + wk — YyyM (X« +wk). Thus

| Xics1 B = Xk1 (X + Wi — Y Y ym (Xi + Wi))
1 1
< Lreer B+ LB

=Ty (X + W) " (7 Y ym (Xe + Wie) — Wi) (S34)

where we used the fact that {x,y) < (1/2) | x |2 + (1/2) ||y |5. Setting
the Lyapunov function candidate as Vi1 =(1/2) || x«+1 |3, we obtain

Viert = Vi < = Toym (X +wi)) T (Y m (X + W) — ). (S35)
In what follows, it is shown that the right-hand side of (S35) is
negative definite. To that end, we point out that assumption (S33)
implies that, forany b € 8 andany k € N, eb —wx € YM(0). As
a consequence, from (S22) and the maximal monotonicity of
yM, for all k €N it holds that

(Continued)
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Proximal Mapping and Proximal-Point Algorithm (Continued)

(T m (X + W), Y m (X + W) — €b — wi ) > 0. (S36)
After rearranging terms, we can see that
(T ym (X + W), Y Yym (X + Wi) — Wi ) =
esup (b, Tm(Xk +Wk) ). (S37)
besB
That is
(T (X + W), YV m (Xk + Wk) — Wi Y = e|| Yom Xk + wi) | (38)

= EHXkH ”

where the last inequality follows from (S31). Therefore,
Vir1 — Vi < — €] xe+1 ]|, and the global asymptotic stability of the
origin follows. Now, for the finite-time convergence, notice that
(S31) is equivalent to

Xk + Wk € (lg +yM) (Xi+1) (S39)
whereas (S33) and the asymptotic stability of the origin imply
that there is k* € N and &> > 0 such that, for all k> k" and
any be 8

The expressions in (13) and (14) can also be written using
complementarity problems and variational inequalities,
using equivalent formulations of normal cones [see (S51)
for the variational formulation, and see “Projected Dynam-
ical Systems” for the complementarity formulation of a
class of nonsmooth systems that are close to the sliding-
mode ones]. The signum multifunction can also be rewrit-
ten using various formalisms; see [61, “Set-Valued Signum
Function”]. The min{:,-} function in (14b) and in (13) is a
complementarity function (or C-function) [62], [63]. The
expression (14a) shows that us(xx) is the solution of the
quadratic optimization problem

2

. (18)

—Usy(xx) = arg min%H z—Lx
ze[—kk] b

This suggests that implicit controllers can be implemented
online by solving quadratic programs with constraints.

Some Comments

It is noteworthy that the explicit form (14b) has been stud-
ied in [66, Ex. 3.1] via Lyapunov methods [see also [49],
where the same algorithms were already presented, and
[67], [68], and [69] for further analysis, where the
form (14b) is called a minimum-operator-based input].
The connection with proximal maps via the implicit-Euler
method was shown in [51] and [70]. It is worth emphasiz-
ing that, in the limit as & |0, the trajectories of both
schemes, (7) and (9), converge toward the trajectories of
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Wk + Xk + €2b € (o + yM) (0) . (S40)
Thus, (S39), (S40), and the maximal monotonicity of /s +yM
imply that, for all b € 8, we have

6‘2<b,Xk+1 >Z 0. (841)

It thus follows that xx+1 =0 forall k= k". [ ]
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the continuous-time inclusion (1) and (2). However, the
control input (14) is well defined at x =0, whereas (6) is
not. Thus, even though in the implementation of discrete-
time controllers, the sampling time /1 > 0 cannot be arbi-
trarily small due to practical limitations, it is clear that the
implicitly defined system (9) is more attractive than the
explicit one. This distinction becomes more important
when disturbances are considered.

To close this section, we emphasize that arbitrary regu-
larizations of the set-valued sign function (that is, single-
valued functions sufficiently close to the graph of the sign
multifunction, like the saturation or the sigmoid functions)
do not guarantee the global finite-time convergence prop-
erty. Generically, such an approximation either breaks the
global finite-time convergence toward zero (making the
convergence asymptotic) or the stability of the iteration
map, making the origin unstable and producing an oscilla-
tory behavior (see “Proximal Mapping and Proximal-Point
Algorithm”).

The following section extends the ideas presented previ-
ously to the multivariable case, where nonvanishing exter-
nal disturbances affecting the dynamics are also considered.
Moreover, a control-theoretic interpretation for the use of
implicitly defined controllers is presented under the general
framework of passive systems.

FIRST-ORDER SMC: CONTINUOUS TIME
In this section, we argue that first-order SMC is a particular
case of passivity-based control. This observation leads to a

Authorized licensed use limited to: INRIA. Downloaded on February 05,2026 at 09:38:37 UTC from IEEE Xplore. Restrictions apply.


http://dx.doi.org/10.24033/bsmf.1625

Projected Dynamical Systems

rojected dynamical systems (PDSs) are a class of nonsmooth

systems that, as seen later, are closely related to sliding-mode
systems. They were introduced in [S36] and [S37]. Recently, they
have been the subject of substantial interest from the automatic-
control scientific community; see, for example, [S38] and [S39].
PDSs may be expressed under different equivalent forms [S40],
[S41] (see definitions 8 and 11 in “Convex Analysis Tools”). Some
examples of such equivalent dynamics are as follows:

xe—f(x)—g(t) —Nc(x),

with X =—f(x) — g (t) = Proj[Nc(x); = f(x) —g (t)] ~ (S42a)
X €—1(x)= g (t) = Nreo (%) (S42b)

X = (la+ Nrew) ' (=) — g (1) (S42c)

X =Proj[Te(x); —f(x) — g (©)]. (S42d)

See [S40] and [S41] for details. The second condition in (S42a)
means that solutions are “slow” [that is, with —X () of minimal
norm inside f(x)+ g(f)+Nc(x)]. The resolvent of the normal
cone to the tangent cone appears in (S42c). Use was made
of Fact 5 in “Convex Analysis Tools” (S24) and the comment
just after (S28) in “Proximal Mapping and Proximal-Point Algo-
rithm” to obtain (S42d). The projection is a particular instance
of Prox; see (S29), showing that PDSs belong to the class of
proximal systems.

DISCRETE-TIME PDSs
Let us now discretize (S42a) as

Xk+1 € Xk — h (f(xk) — gk) — N (Xk+1) (S43)
h > 0. This is rewritten equivalently as
Xiee1 = (la + N¢) ™" (X — h (F(X) + gk)) (S44)
and as
Xic+1 = Proj[C; xk — h (f(X) + g)] (S49)

where the same tools as described previously have again been
used to pass from (S42c) to (S42d). We see once again that resol-
vents are ubiquitous in PDSs. The system (S45) furnishes a conve-
nient way to obtain solutions whenever the projection onto the set
C can be computed. This is the case when C is nonempty convex
and polyhedral (S67). Indeed, in this case, the normal cone can
be expressed as Nc ={£ € R"|£=G"1,0<1 L — G + b>0}.
In other words, the normal cone is generated by the outward nor-
mals to the active constraints at x. Thus, using (S43), the PDS is
equivalently rewritten as a complementarity system

X1 =Xk — h (F(Xk) — g) — G Ak+1,

0=<Ak+1 L Wk+1=—Gxk+1+b=0. (S46)

Note that the discrete-time PDS in (S46) is also a mixed lin-
ear complementarity problem (LCP) [S42] with unknowns X+ 1
and Ak+1. It gives the LCP

0 < Ak+1 L Wir1=—G(xx — h(f(xc) — g«))

+GG A1 +b>0 (S

Obviously, GG' > 0 if and only if G has row-rank m (which im-
plies that m < n); otherwise, GG' = 0, and it is also a coposi-
tive-plus matrix. Using [S42, Thm. 3.8.6], if b € (SOL(GG',0))",
where SOL (M, 0) denotes the set of solutionsto 0 <A L MA >0,
and (SOL(M,0))" is its dual cone, then the LCP in (S47) has
a solution. Assuming a Slater condition [that is, that there ex-
ists A such that GG" A — G (xk — h (f(x) — gk)) + b > 0], then by
[S42, Thm. 5.3.9], the LCP in (S47) has a solution. Also, if A1
and 1. are any two solutions, then GG' (11— A2) =0 [S42,
Thm. 3.1.7]. Therefore 11— A€ Ker(GG") =Ker(G') [64,
Thm. 3.5.3]. It is easily deduced that, if

Xkt = Xk + R (F(X) — gk) — G Aist (S48)
i=1,2, then xi = xt implies xj.1 = Xxz+1, k> 0. As expected,
the projection onto C is unique. A quite interesting fact is that
efficient algorithms can be used to solve the LCP in (S47)
[S42], and [62], at each time step k > 1.

SLIDING MODES IN PDSs

Sliding modes can occur in PDSs when the single-valued vector
field is such that the trajectory evolves persistently on the bound-
ary of C. In this case, there exists an element of A(x,t) € — Nc¢(x)
(a selection; see Definition S3 in “Set-Valued Mappings and
DIs”) that “compensates” for the part of —f(x)—g(t), which
tends to “push” the trajectory outside C (in a way quite similar to
what occurs in contact mechanics where the interaction contact
force balances the other forces, which otherwise would make
the system leave the admissible domain). It is noteworthy that
the set-valued controlled systems in [65, eq. (6)] can be trans-
formed into a PDS after the classical state space transformation
(see [S41, Sect. 3.4]). This guarantees robust output tracking.
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new method for designing sliding-mode controllers and

establishes the grounds for the following section, which is
about discrete-time SMC.

Consider the perturbed linear dynamics

X(t) = Ax(t) + B(u(t) +5(t) (19)

where x(f) € R", u(t) € R", and 6(t) € R" are, respectively,

the state, the control input, and the perturbation at time t.

Accordingly, A e R"" and B e R"™. It is assumed that
rank (B) = m and that §(t) is uniformly bounded.

The Classical Approach
In the classical approach to SMC, the robust stabilization of
(19) is undertaken in two steps.

1) Choose a linear map o : x — Cx and define the sliding
variable s = o - x. The matrix C € R™" is such that
det(CB) # 0 and such that s(f) =0 implies x(t) - 0
as t 1+oo.

2) Design a control law u(t) such that s(t) converges to
zero in finite time.

Step 1 is typically completed by putting the system in
regular form and solving a lower-dimensional stabilization
problem [53], [54]. To perform Step 2, the time derivative
§(t) = CAx(t) + CB(u(t) + &(t)) is first computed. By setting
u(t) = uin (x()) + (CB) 'v(t), where

1iin(x) = — (CB) ' CAx (20)
is a linear feedback and v(t) is a new input; the dynamics
for s are simplified to

5(t) =o(t) + CBS (). @1)

The design is completed by fixing the new input as
v(t) = us (x(f), t) with

Us(x, 1) €—KSgn(o(x)), K=K'>0 (22)

for all t€ R. The term us (x,t) is a selection of the set-

valued signum function [see Definition S3 in “Set-Valued

Mappings and DIs” and (S50) and (S58) in “Convex Analy-

sis Tools”]. With the controls (20) and (22), the sliding vari-

able evolves according to the DI [which belongs to the
class (S7)]

$(t) € — K Sgn(s(t)) + CBS(1). (23)

To verify that Step 2 is correctly achieved, note that the time
derivative of the Lyapunov function Vi(s) = (1/2)s'K's
along the closed-loop trajectories is

Vi(s(t) =—s(t)"(Sgn(s(t)) — K™'CB&(t))
=—[sl,+st)KCBs (1)
<-@a-[k*cBst)|)ls®) ;.
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Using classical arguments, the finite-time convergence
of Vs(s) to zero is inferred provided that H K™'CBs(t) Hm) <1
(using, for example, [64, Prop. 11.1.6]). Therefore, there
exists some tmin <+oo after which a sliding mode occurs.
That is, s(t) = 0, and therefore

us (x(t), ) =—CBS5 (t) (24)
for all t = tmin. In other words, the controller compensates
exactly for the unknown perturbation. Certainly, this con-
tinuous-time property is a “miracle” of set-valued feedback
control, adding to the miracle of feedback stabilization [71]. The
exactness (equality) in (24) is obviously due to the idealiza-
tion of the modeling. However, as demonstrated by the
implicit discrete-time analysis in (100) and by experimental
results, it is the idealization of an observed behavior. In
particular, the insensitivity of the dynamics with respect to
K during the sliding mode is experimentally observed in
both differentiation and control when the implicit method
is used. This emphasizes the fact that (24) is far from merely
a mathematical curiosity.

A Passivity-Based Approach

We will now explore the classical approach through a
passivity point of view (see “Passive Systems”). This
will later be used to show the necessity of an implicit
discretization.

Remark 1

Item 1 previously implies that the system with output s is
feedback equivalent to a passive one. In fact, a system is
passive feedback if and only if it is of relative degree
{1,...,1}, thatis, det(CB) # 0 and minimum phase, that is,
s(t) = 0 implies x(t) — 0. The linear feedback un renders
(19) passive with output s and input v + CB§ (see [74] for
details on the unperturbed case). In this regard, first-
order SMC is a particular instance of passivity-based
control.

In addition to passivity, a fundamental notion is implic-
itly used in the previous analysis: maximal monotonicity
(see “Maximal Monotone Operators”). Following [60], the
change of variable s = K~/2g may be performed, trans-
forming (23) into

¥ (t)e— K7 Sgn (K> (1)) + K 2CBS (t).
The DI can be written as

§ () e—of(s' (1) + K-2CB& (f) 25)
where f()=|K"?:|,. The chain rule was used (see
Theorem S2 in “Maximal Monotone Operators”) to com-
pute 9f, the subdifferential of f (see Definition S7 in
“Convex Analysis Tools”). The operator df is a maximal
monotone operator, f being a convex continuous proper
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Convex Analysis Tools
onvexity allows us to draw connections among monotonic-
ity, passivity, optimality, and geometry. The following re-
sults and definitions are taken from classical references [S18],
[S17], [S23], [S28], [63]. Most of the tools described later ex-
tend to nonconvex sets and functions. However, it is essentially
the convex case that is of interest to us in this article.

CONVEX FUNCTIONS AND SUBDIFFERENTIAL

In convex analysis, it is useful to extend the space R by allow-
ing a function to take the value +oo. A function f:R" — R U {+ oo}
is said to be proper if it is not identically infinite.

Definition S6

A proper convex function f:R"” — RU{+oo} is LSC if its epi-
graph is closed. As alluded to in “Set-Valued Mappings and
DlIs” and Definition S1, semicontinuity properties exist for both
single-valued and set-valued mappings. The following defini-
tion shows that, given an LSC single-valued function, we can
construct a set-valued mapping. This set-valued mapping is,
in turn, OSC, as can be verified using Theorem S2 and Fact 4.

Definition S7
Let f:R" — RU{+o} be a proper, convex, and LSC function.
The convex subdifferential of f at the point x is given by

af(x):={n € R"I(n.£ —x)=1(£) - f(x)

for all £ € domf}. (S49)

Note that of : R” = R" is, in general, a set-valued mapping.
Consider, for example, the real-valued function f(x) = k| x| with
Kk > 0. We have 9f(x) = ksgn(x) with

=1 ifx <0
sgn(x) =4[—1,1] ifx=0.
1 ifx>0

(S50)

We introduce another important set-valued mapping.

Definition S8
Let C C R" be a closed convex set. Its normal cone is the set-
valued mapping N¢: R” = R" defined by
Ne(x) ={neR"|(n,é—x)<0forall £ € C) (S51)

if xe C and N«(C) =2 if x & C.

Note that the normal cone to a closed nonempty convex set is
convex-valued. We now introduce a class of single-valued func-
tions that undergo discontinuities (with infinitely large jumps).

Despite their strong nonsmoothness, these functions possess a
subdifferential. They are useful in mechanics and in optimization.

Definition S9
Let CSR" be a set. Its indicator function is defined as
ve(x)=0if xe C and Ye(x) =+ if X & C.

The next fact shows that normal cones are, in fact, subdif-
ferentials.

Fact 5
Let C € R” be a closed convex set. Then, the indicator function
Y. is proper, convex, LSC, and a%¥¢(x) = N¢(x) for all x € R".
It is seen throughout this article that normal cones, and
hence indicator functions, are ubiquitous in generalized equa-
tions that appear in discrete-time backward-Euler schemes.
The following is a simple consequence of Fact 5. It has inter-
esting applications in constrained optimization problems and
in the computation of discrete-time SMC laws.

Fact 6
The normal cone to a closed convex set defines a maximal
monotone mapping. The calculation of normal cones is often
necessary in applications. Suppose that C is finitely repre-
sented, that is, C={£eR"1g(£) =0} for some differentiable
function g:R" -~ R™. Assume further that the Mangasarian-
Fromovitz constraint qualification holds [S17]. Then, Nc¢(x)
is generated by the outward normals Vgi(x) to C at the ac-
tive constraints gi(x) =0, ie{1,..., m}. In other words,
Ne(X)={neR"In=-Vg(x)A,0<2A L g(x) =0}. It is note-
worthy that weighted inner products can be used in the normal-
cone definition. For instance, (7, —x ) u with M =M" >0 can
be used in (S51), in which case the normals are calculated as
M~'Vgi(x).

The next result, known as the chain rule of convex analysis,
is useful in the computation of subdifferentials. It is used in
several places in this article.

Fact 7

Let f:R"—~R be a proper convex LSC function, and let
A:R™ — R" be a linear mapping. Assume that f is a polyhedral
function (that is, its epigraph is a polyhedral set) or that there ex-
ists xo with Axo € dom (f) suchthat rge (A) — R (dom (f) — Axo) is
avector subspace of R”. Then, the subdifferential in the sense of
convex analysis of the composite function f- A: R™ — R U {+ oo}
is given by 9 (f- A)(x) = AT9f (Ax) forall x € R™.

CONJUGATE FUNCTIONS, MAPPING INVERSION
The following concept of conjugacy is useful for inverting sub-
differential mappings.

Definition S10

Let f:R" - RU{+oo} be a proper, convex, and LSC function.
Its convex conjugate, f':R" — R, is defined as
fy)= ?uFe{ny— (&)} (S52)

(Continued)
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Convex Analysis Tools (Continued)

Fact 8
The convex conjugate of a proper convex LSC function is also
proper, convex, and LSC. Moreover, (f')" =f.

Another important result that relies on conjugacy (and is
often used in calculations) is the following one.

Fact 9
Let f:R”" - RU{+x} be proper, convex, and LSC. Then,
(of) ' =2af and af = (of)". In other words, y € af(x) if and
only if x € of'(y).

As an example, consider again the real-valued function
f(x) = k | x| with k > 0. Its convex conjugate is

Fy) = ilg{é“yf K€L} (S53)
By concavity, the supremum is actually a maximum whenever
the subdifferential of &'y —k|&| contains the origin, that is,
whenever y € ksgn(£). Thus, when y € [-k,k], @ maximum
exists, and f'(y) =0. On the other hand, when y & [—k,K],
there is no maximum, and by piecewise linearity, f*(y) =+oo.
In other words, the convex conjugate equals the indicator func-
tion of a closed interval, f* = ¥ q. Fact 5 is easy to verify in
this example
(—0,0] ify=—k

0 if y € (—k,k)
¥ ca) =Neka) =110 4 o iy - (554
%] otherwise
Verifying Fact 9 is also straightforward
Ni-cq = (ksgn) . (S59)

More generally, let [x[, be the p norm (X74|x/[")",
1 <p <+oo, and || x||, = maxi<i<a| x;|. The dual norm is | x||,-
with 1/p +1/p" = 1. It is known that if f=«]|- |, & >0, then
"= ¥¢s,, Where

By ={&eRI£], <1} (S56)

is the unit ball in the p* norm. Thus, by Fact 5 and Fact 9

Kl - [l = (%ks,) ™" = (Nis, )" (S57)
For example, setting p = 1 gives p* = o, 8. =[-1,1]", and
KkSgn (x) = Ni. (x) (S58)

with Sgn(x) = (sgn(x1), sgn(xz), ..., sgn(xm)) . For p =2 we
have

kx/|| x|, if x#0

kB, ifx=0" (e

ek 9 = ol xl = |
The following theorem summarizes the inverse properties of
the convex conjugate and is helpful in performing Lyapunov
analysis of DIs with right-hand subgradient operators.
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Theorem S4 [S28, Thm. 16.23]

See [S28, Thm. 16.23]. Let f:R" - Ru{+c} be proper,
convex, and LSC. Then, the following statements are
equivalent:

(x,y) € gph of
(v,x) € gphof’
X'y =f(x)+f(y). (S60)
PROJECTIONS ONTO CONVEX SETS

The projection of a point x € R” onto the nonempty closed
convex set C € R” with inner product weighted by M =M™ > 0
is defined by

Proju[C;x] = argmin%(f—x,f—x)M. (S61)
éeC

For simplicity, write Proj[C;x] in place of Proj,[C;x]. The projec-
tion onto B: is straightforward

X 5
. —— if || x|, =1
Proj[Bz;x] =1l x 2 Il .
X otherwise

(S62)

For 8., the projection is easily carried out componentwise

(Proj[Bx,x]); = min{l xi|,1}sgn(x), i=1,..., n. (S63)

Projections can also be computed using normal cones.

Proposition S3

Consider a vector x € R", a closed convex set:C C R”, and a
weighted inner product (-,-)u. The following statements are
equivalent:

y = Proju[C;x]. (S64a)
M(x—y) € Nc(y). (S64b)
y=(M+Nc)™" (Mx). (S64c)

Proof
The proof can be found in [63, p.79] inside another proof.
It is reproduced here for convenience. The optimization
problem (S61) can be equivalently written as Proju[C; X] =
argmingern(1/2) ( € —x,& — x )u+ ¥c(£). By the convexity of the
weighted norm and of the indicator function, it follows that
y = Proju[C;x] if and only if 0 M(y—x)+o%¥c(y), that is,
if and only if M(x—y) e Nc(y), or equivalently, if and only if
Mx € (M +Nc)(y). Hence, y € (M + Nc¢) " (Mx). u
In addition, if C is a cone, then the statements (S64) are

equivalent to [S23, Corollary 23.5.4]
C=>My-x)LyecC (S65)

(Continued)
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Convex Analysis Tools (Continued)

where

C'={neR"I(n,E)=0forall £ € C} (S66)

is the dual cone to C.

If C is a polyhedral set, then there exists a matrix G € R™*"
and a vector b € R™ such that

C={£€R"|GE<b}. (S67)

For instance, if C= 8., then G =[l,—/]" and b=1,,. For
polyhedral sets, the projection (S64a) can be computed nu-
merically by solving a conventional quadratic program. The
following code shows an implementation in Python 3 using
the open source modeling language for convex optimization
CVXPY [72].

import cvxpy as cvx

xi = cvx.Variable (n)

objective =
x . TeM@x i

cvx.Problem(cvx.Minimize (objective),
Gexi <= b).solve()

x1i.value

0.5*cvx.quad_form(xi, M) -

y:

If C = B4, itispossible to use the previous code with b = 1,
G € R®*™", and the rows of G covering all possible vectors
with entries in {—1,1}. For large problems, a more efficient
solution consists of splitting & into its positive and negative

function (see Theorem S2 in “Maximal Monotone Opera-
tors”). The DI has the form (57), so if the eigenvalues of K
are large enough, it satisfies the conditions of Proposition
S1in “Set-Valued Mappings and DIs,” and the origin s’ = 0
is finite-time stable.

We now introduce a different and less-classical design
directly based on passivity and monotonicity arguments.
Later, this will prove useful in designing discrete-time slid-
ing-mode controllers. Recall that the pair (A, B) is stabiliz-
ableif and only if there exists P € R"*" such that P = PT>0
and [75]

AP+PA" <BB'. (26)
Similarly to [44] and [76], this inequality is exploited to con-
struct the candidate storage function

V()= 2xP . 27)

Its time derivative is

components, that is, £ =& —£7, where £7,6~ € RY. In such
a case, the following code solves the projection problem
by setting:

1, 17 1
H: *In Onxn,CZ 0n><1 o
Onxn —In Onx1

import cvxpy as cvx
xi p =

xi n =

cvx.Variable (n)
cvx.Variable (n)
objective = 0.5*cvx.quad form(xi p -
xi n, M) - x.TeMe@(xi p - xi n)

cvx.Problem(cvx.Minimize (objective),
Hecvx.bmat ([ [xi p], <= ¢) .solve()

y:

[xi n]])
xi p.value - xi n.value

TANGENT CONES TO CONVEX SETS
Tangent cones are relevant in the context of the systems de-
scribed in “Projected Dynamical Systems.”

Definition S11
Let C € R" be a nonempty closed convex set. Its tangent cone
is the set-valued mapping Tc:R" = R” defined by

Tc(x)={£€R"|{n,E)<0, foralln € Nc(x)}. (S68)
Thus, Tc(x)=—(Nc(x))"; see (S66) for the dual cone.
V() =2x (PTA+ATP)x+x P B@+5).  (28)

(When clear from context, the explicit dependence on ¢ is
omitted.) The only candidate passive output of relative
degree equal to one and associated with the storage func-
tion (27) is s(t) = o (x(t)) with

o(x)=B"P'x (29)

which corresponds to the passivity of the quadruple
(A,B,C,D) with C=B"P™, D=0, P! a solution of (S71),
supply rate u'y; see “Passive Systems.” This gives the
energy balance

V()= 2xT(PTA+ATP)x +5T(u+6). (30)
Since (26) can be written equivalently as Q=P 'BB'
P1'—PTA—A"P'>0, and since we have x' P'BB" P!
x=s's, the energy balance is

1

Vx)=s' (—s +u+ 5)—%xTQx.

1 (31)
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Passive Systems
onsider a finite-dimensional system with state x(f) € R”,
input u(t) € R™, and output y(tf) € R". As a prerequisite, it
is assumed that the system is well posed, relying on classi-
cal results for ODEs with continuous solutions. The system is
passive in Willems’ sense [S43], [S44] if there exists a storage
function V :R" — R, that satisfies the dissipation inequality

V(x(t) = V(x(t)) < ft “uT @)y (Hdt (S69)

for all t1 = to along the continuous-time system trajectories.
Roughly speaking, the dissipation inequality (S69) means
that, on any time interval [to, 1], the energy that is internally
stored in the system cannot increase beyond .[nt' u' (b y(bdt,
the energy externally supplied throughout the power port
(u, y).

Linear time-invariant systems

X(t) = Ax(t) + Bu (t)

y(t) = Cx(t) + Du t) (S70)
are passive if and only if the LMI
—ATP—PA —PB+C’"
M°°"":<—BTP+C D+DT )fo i)

has a positive semidefinite solution P=P". Indeed, the candi-
date storage function

V(x) = %XTPX (S72)

satisfies the energy balance

Vo) -V =4 [ () M (X0 ot + [0y 00t

u(t) u(t

Clearly, the inequality (S71) implies (S69). The LMI in (S71)
has interesting consequences, which can be deduced from
the Schur Complement Theorem [73, Sect. A.6.1] and its
variants, —A"P—-PA»0 and D+D"»=0 [-A'P—PA>0
and D+D'" >0, when the inequality in (S71) is strict]. It is
also inferred from [64, Corollary 10.2.3, Prop. 10.2.5] that
ker(D+D") C ker(PB —C"). The latter further implies the well-
known input—output constraint PB = C" when D+D" = 0.
Consider now the linear time-invariant discrete-time system

Xk+1 = AXk + Buk
Yk = Cxk + Duk (S73)

This form suggests that, to render the system passive, a
control law

with k = 0. The system is passive if there exists a storage func-
tion (S72) such that the dissipation inequality

V(Xi1) = V(Xk) < Uk yi (S74)
holds for all k= 0 along the discrete-time system trajectories.
Similar to the continuous-time case, we have

V(Xk+1) — V(xk) = _%<§:)TMdisc<Z:> + U Y. (S75)

It can be shown that system (S73) is passive if and only if the LMI

—~ATPA+P —ATPB+C'

Masc == (—BTPA +C D+D"-B"PB

)0 (S76)
possesses a solution P = PT 3= 0. Using the same tools as for
the continuous-time LMI (S71), itis inferred that the LMl in (S76)
implies —A"PA+P =0, D+D"=B'"PB [-A"PA+P >0,
D+ D" >~ B"PB when the inequality in (S76) is strict] as well
as ker(D+D"—B'"PB) Cker(—A"PB+C") (hence C =B"PA
if D+ D" =B'PB).

If (S70) or (S73) is passive, we say that the quadruple (A, B, C, D)
is passive. The product u'y is the supply rate of the system.

Many extensions of passivity have been studied in the au-
tomatic control literature in the past 50 years. Strict state-pas-
sivity holds for the continuous and discrete-time systems when
—A"P—PA >0 and —A"PA + P > 0, respectively. Strong pas-
sivity holds when Mcont > O and Maisc > 0. Incremental passivity
holds if, for any pair of admissible inputs (u1, uz), corresponding
trajectories (x1, x2), and outputs (y1, y2), the auxiliary system with
state x' = (x1, x3) is passive with supply rate (ui —u2) " (y1— y2)
and storage function V(xi, x2) = (1/2) (x1 — X2) " P (X1 — X2).

For linear time-invariant systems, passivity and its variants
are known to be closely related to the class of positive real
systems. The celebrated Kalman-Yakubovich-Popov Lemma
allows us to establish relationships between the frequency do-
main with positive-real transfer functions and the state-space
domain with passive systems, as characterized by the previous
dissipation inequalities and LMIs [73, Ch. 3].

REFERENCES

[S43] J. C. Willems, “Dissipative dynamical systems part |: General
theory,” Arch. Ration. Mech. Anal., vol. 45, no. 5, pp. 21-351, 1972, doi:
10.1007/BF00276493.

[S44] J. C. Willems, “Dissipative dynamical systems, part II: Linear sys-
tems with quadratic supply rates,” Arch. Ration. Mech. Anal., vol. 45, no. 5,
pp. 352-393, 1972, doi: 10.1007/BF00276494, doi: 10.1007/BF00276494.

can be used since it leads to a choice of

- 1.7
V(x)=s"(0+8)—= . 4
w(t) = i (x (B) + 0(b) 32) (=5 (0+8)=75x Qx (4
with It can be clearly seen that the system is passive with storage
1 function (27), output (29), and new input v+ 8. Now set
hin(¥) == 0 (%) B3 5t) = uw (x(t), 1) with
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use(x, 1) €—KSgn(Ks), K=K">0 (35)
for all t € R. Substituting this control law in (34) gives
V(x)=—s"K(Sgn(Ks)— K '8)— %xT Qx
<-|Ksla-|Kk"s])-Tx"Qx (36)

where the right-hand side is single-valued for all x. For suit-
able gains K, the origin of the closed-loop system is expo-
nentially stable, regardless of the time-varying perturbation
5(t). We now prove that s(t) converges to zero in finite
time. The sliding variable evolves according to
5eBTP((A- %BBTP-l)x ~BKSgn(Ks) +Bs).  (37)
Consider the quadratic Lyapunov function Vi(s)=
(1/2)s"(BTP™'B)'s. Its time derivative satisfies
Vi(s) =—s' (KSgn(Ks) — & — Lx) (38)
where L =(B"P'B)'B"P*(A—(1/2)BB"P™). In (37), the
state x(f) can be considered as an exogenous signal, uni-
formly bounded according to the previous analysis. Further-
more, it has already been established that x converges to zero
exponentially fast. Using classical arguments, it is inferred
that s converges to zero in finite time for a suitable K.
Alternatively, the dynamics (37) can be analyzed within
the framework of DIs with maximal monotone right-hand
sides, similarly to (25). To reveal the maximal monotone
structure in (37), we perform the change of variables
s'=(B"P7'B)~/?s. The following is obtained:
§ e—ag(s)+ (BTP'B)2 (5 + Lx) (39)
with g()=|-]1-K(B'P"B)"?(-) a proper, convex, and
continuous function. Again, the DI (39) has the structure
(S7), and if the eigenvalues of K are large enough, it satisfies
the conditions of Proposition S1 in “Set-Valued Mappings
and DIs,” and the origin s’ = 0 is finite-time stable. During
the sliding mode, s(t) = 0 for all ¢, which means that there
exists a selection of 9¢(0) (see Definition S3 in “Set-Valued
Mappings and DIs”) that compensates exactly for the dis-
turbance (B'P™'B)"/?(8(#) + Lx(t)) in (39) at s’ = 0. Equiva-
lently, consider (35) and note that there is a selection usy (x, t)
in KSgn(0) that compensates exactly for the equivalent
disturbance in (37). That is, similar to (24)

o (x(t),8) == (BTPB) ' BTP (A= T BBTP)x(t) - 5.(1).
(40)

We stress that neither (24) nor (8) means that the distur-
bance §(t) is known. Finally, note that the well-posedness of
(39) holds under mild measurability conditions on the pertur-
bation, and from the analysis of the closed-loop dynamics

X(t) € Ax(t) + B(—%o(x(t)) —KSgn(o(x(h) )+ B5(t) (41)

using the fact that the set-valued right-hand side has com-
pact and convex images and that itis OSC. It is then inferred
from Theorem S1 in “Set-Valued Mappings and DIs” that
(41) has absolutely continuous solutions.

Recapitulation
Classical SMC is achieved by first choosing an output for
which the system is of relative degree one and minimum
phase, and then assigning a set-valued maximal monotone
structure to the dynamics of the output variable. The main
features of the resulting closed-loop system are robustness
with respect to matched perturbations and finite-time con-
vergence of the output to zero. Once the output reaches the
origin, it stays at the origin in a sliding motion. During such
motion, it follows from (37) that us in (35) is selected as
Usy(x,1) =—Lx —6(t). 42)
Note that during the sliding motion, the input is inde-
pendent of the control gain K, as is well known. A similar
conclusion holds for the feedbacks (20) and (22) [see (24)].
Incidentally, the DIs in (25) and (39) possess incremental
passivity properties. Indeed, they have the generic form
§'(t) e=M(s'(f)) + Nw(t) with M a maximal monotone map-
ping. The system is incrementally passive with storage func-
tion V(s1, s2) = (1/2)(s1—s5) " (s1 — s2) and output N's’ [73].
It should be stressed that (35) can be written as
Usy(x) €—0g(s) with g(s)=|Ks|, and p=1. Naturally,
other norms can be used. In general

, (lxl |”1:sgn(x]))

o xl, = (43)

T :
Ix1p

14 |p*1

[ X

sgn (xn)

if x#0 and 9| x|, =B, if x=0; see (S55) in “Convex
Analysis Tools.” For example, the norm p =2 yields the
unit control

1 2 .
————K f 0
TR, X8 57

—K8,

To close this section, the reader’s attention is brought to
the fact that, in the foregoing developments, no mention
was made about the celebrated Filippov’s convexification
method, which guarantees the existence of absolutely con-
tinuous solutions by transforming a discontinuous differ-
ential equation into a specific DI. In fact, the previous
closed-loop systems are introduced directly in a set-valued
setting (see Figure 1 and Theorem Sl in “Set-Valued Map-
pings and DIs”).

Us(x,t) € { (44)

otherwise

FIRST-ORDER SMC: DISCRETE-TIME

In this section, we exploit the passive properties of the slid-
ing variable to derive a new design method for discrete-
time SMC. We also show the necessity of defining any
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discrete-time SMC implicitly. Consider a sampled-data
model of (19)

Xk+1 =Axk+B(uk+c§k) 45)
where AeR"™", BeR"™" and it is assumed that
rank B=m. In the spirit of the “A Passivity-Based
Approach” section, an output sx is constructed for which
the system is feedback passive. In contrast to the continu-
ous-time scenario, a necessary condition for a system to be
feedback passive is that it has a relative degree {0,0,...,0}
[77], [78], which ultimately results in the need for implicitly
defined control laws.

A Discrete-Time Passivity-Based Approach
The discrete-time counterpart of (26) is

(46)

That is, the pair (A,B) is stabilizable if and only if inequal-
ity (46) holds for some P=P" >0 [75]. The forward differ-
ence V(xk+1)— V(xx) of the storage function V(xx)=
(1/2)x{ Pxy is

AV (xi) = %(AXk +B(ux+ gk))Tffl (Axi+ B(ux+6))

N 47)
- %x;P_lxk.

By isolating the terms that do not depend on the inputs, the
counterpart of (28) is obtained as
AV(x) =2l (ATP1A—P )
+ (ur + Sk)TBTP_l (Axk +B (ux+ Sk))
- %(uk + 80 B D B(ux+ 81).

(48)
The passive output candidate
Ske1:= 0 (X, 1k + 85 49)
with
o(x,w) = B"P'(Ax + Bw) (50)
is chosen, and the energy balance becomes
AV (xi) = %x; (ATPPA =P Vx4 sis1 (s + 81)
—%(MHS,()TBTP*B(WF&) 51)

which corresponds to the dissipation equality (576) of the
quadruple (A,B,C,D) with C=B"P'A, D+ D" =2BP'B,
P solution of the LMI (S76), and supply rate u'y (see
“Passive Systems”).

Remark 2
Equations (49) and (50) have an implicit (backward-Euler)
flavor since

Sk+1 = BTP_]XIH—L

(52)
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Note that (50) is the counterpart of (29). In this context, the
key difference is that discrete-time passive systems have
relative degree zero, whereas continuous-time passive sys-
tems have relative degree one or zero [73].

Remark 3

Neither si+1=B P 'xy nor even si+1=B"P'xi1 was
used, as would be the case in a pure emulation method.
The sliding variable (and hence the sliding surface) are
designed in the discrete-time context to preserve passiv-
ity. A similar remark holds for the linear controller (33),
which can be discretized in various ways [by emulation,
in(x)) =—(1.2) B" P 'xy, or directly in discrete time, as in
(59) and (60) later]. Not all discretized controllers share
similar closed-loop properties [21]. The same comments
hold for the case of the classical first-order control in (93)
and (94) later. See also the “Limitations and Modifications
of Implicit Algorithms” section. The following theorem
shows that stabilizability implies feedback equivalence to
passivity.

Theorem 1
Suppose that system (45) is stabilizable. Consider the output

(49) with P =P" >0 a solution of (46). The control
Uk = Utin (Xx) + Uk (53)

with

Utin (X)) =— % 0 (xk, t1in (XK)) (54)

renders the system passive with storage function V(x) =
(1/2)x"P7'x, output si+1 given by (49), and new input
Uk + k. Moreover, the energy balance

AV (xx) = sfe1(vk+ 8x) — %(Uk +6)"B"P B (vk+ 6

- %x{ Oxi

(55)

holds for some positive definite matrix Q.

Notice that (54) is the counterpart of (33). The proof of
this theorem requires the following lemma, which is
inspired by [75, Ch. 6].

Lemma 1

Assume that the pair (A,B) is stabilizable. The inequality
(46) implies that

(56)
Proof

Using Schur complements, it can be seen that (46) is equiva-
lent to

(57)
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which implies

-
BB"P'BBT|> 0

P

AP P+BB"+ (58)

N

equivalently, using again the Schur complement theorem,
AT(P+BB"+(1/4)BB"P'BB") ' A - P! < 0. Inequality (56)
is recovered by noting that P+BB'"+(1/4)BB"P'BB"=
(P+(1/2)BB")P ' (P+(1/2)BB"). [ ]

Proof of Theorem 1
According to (50), the control (54) is implicitly defined by
the equation

win (Xx) = —%BTP_l (Axk+ Bun (x1)). (59)
It can be solved explicitly as
uin(xe) =—(2[+BTP'B) ' BTP ' Axy (60)

which gives
Axr+ Bunn(xk) = Axi— B(2I + BTIDABYIBTP%AX;(
=Pp(P'—P'B(2I+B"P'B) 'BTP")Axs.
By the matrix inversion Lemma [64, Corollary 3.9.8]

~ 5 e l~~T -1 ~
Axy+ Buun(xi) = P(P + > BB ) Axi. 61)

It now follows from Lemma 1 that

(Axi + Buiin(x0))" P (Axi + Buunn (x1)) — xf P~ v =—x{ Qu
62)

for some positive definite matrix Q. This shows passivity
with the required ingredients. u

Stability Analysis
It is deduced from (62) that the origin is exponentially
stable if v is such that

siv1(vk+6x) <0. 63)
By continuing the analogy with the continuous-time case,
we may be tempted to write

Uk = Use (X8 64

with us (xk) €— KSgn (Ksk+1). This control satisfies (63), but
unfortunately, the passive output (49) is not available to the
controller because it depends directly on the unknown per-
turbation. To avoid this problem, we follow [32] and define
the nominal output as

(65)

Sk+1:= O (X, Ur)

instead of (49). In what follows, it is shown that the full state
of the closed-loop system defined by (45), (53), and (54) with
the proposed nominal output 5k+1 is ultimately bounded.

Proposition 2
Consider the perturbed dynamics (45) with a feedback law
given by (53) and (54), where

Uk = sy (i) E—KSgn(Kér41), K=K'>0 (66)

5k+1 is given by (65), and &k is uniformly bounded. Then,
the trajectories of the closed loop are ultimately bounded.

Proof
Since si+1=28k+1+B P'BSi, the forward difference (5)
becomes

AV (xx) = (841 + BTP'BS:) (vi+ 8x)
~ 2+ 8)TBTP B0+ 5 — 30l Qui. (67)

By developing the right-hand side, one obtains

AV (xx) = §)I+1 (Z)k + Sk) + SIBTPAB'Uk
T
k

+ 81 B" P B8~ 4ol BT P Bo— ol BT P B5:
~18{BTPBo— Ll Qe (©9)
which can be simplified as
AV (x) = 511 (v + 5k)+%S;BT1~J*lBSk
—%U;IBTIN’" ka—%kaka. (69)

Define the set-valued control (66) and note that it is a dis-
crete-time counterpart of (35). The controller gives the
inequality

ol B"P' Box

AV (x) S| Rspr (1 -1 K801) — 5

—%x;ka-i-lS;BTP"lBSk.

3 (70)

Notice that since &y is uniformly bounded, AV (xx) is neg-
ative for |[xi| sufficiently large and K such that
| K8k |~ < 1 for all k> 0. This establishes that the state is
ultimately bounded (exponential stability is achieved
only in the nominal case) with a bound proportional to
the bound on &;. [ ]

Discrete-Time Sliding Dynamics

In what follows, we show that the nominal output 5k+1
converges to zero in a finite number of steps. Once the
nominal output reaches zero, it stays at zero in discrete-
time sliding motion. To that end, note that the nominal
output satisfies

8k+1 € B'P ' (Axk + Buiin (xi) — BKSgn (K5+1)) (71)

or, using (61)
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- R L _
S € BT ((P +1BBT) Ani- P’lBKSgn(KékH)). 72)
Defining L= (B"P™'B)"“?B™(P+(1/2)BB")"'A and con-
sidering the change of coordinates &= (B'P™'B) "5
yields the following;:

S e—(BTP'B)7KSgn(K(BTP ' B)8ia1) + Luv.  (73)
The generalized (73) shares the same structure as the DIs
(25) and (39). Namely, using once again the chain rule of
convex analysis (see Fact 7 in “Convex Analysis Tools”), one
can see that

8iv1 €33 (Bk+1) + L (74)
with ¢(-) =[] K(B"P'B)"(-) [formally the same func-
tion as g(-) in (39)]. This difference inclusion, which is of
the implicit type since §i+1 appears on both sides, is equiv-
alently rewritten as the equality

Sk = (La+03) " (Lxw). (75)
Let us explain some of the implications of the right-hand
side of (75). The structure of this difference equation will be
encountered again in all the discretizations presented in
the following sections (for both controllers and differentia-
tors). Notice first that the right-hand side of (75) is, in fact, a
proximal operator

§i+1 = Proxz(Lxy) (76)
[see (S24) in “Proximal Mapping and Proximal-Point Algo-
rithm”]. The next proposition states a necessary and suffi-
cient condition for the virtual sliding variable 5k to stay on
the discrete sliding surface. This condition can be satisfied
with a suitable choice of the feedback gain K in (66); roughly
speaking, it must be large enough.

Proposition 3
Consider the virtual sliding variable (76). Consequently,
Sk+1 =0 if and only if

YBTPB) T € Ba 77
K(BTP B

where the unit ball B.. is defined in (556).

Proof

The claim follows from (528) in “Proximal Mapping and
Proximal-Point Algorithm.” Indeed zeroProx;=93(0)=
(B"P7'B)V/?KB., where the equality follows from Fact 7
and from (S58) in “Convex Analysis Tools,” and the set of
zeroes is defined in “Proximal Mapping and Proximal-
Point Algorithm.” Thus, from (77), we deduce that
Lxx € 33(0), and the proof is complete. =
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If the eigenvalues of K are chosen sufficiently large,
then inclusion (77) holds once the ultimate bound in xx is
attained. This implies that the condition 5%+1 = 0 is achieved
and maintained after a finite number of steps.

Remark 4

The difference inclusion (71) is the counterpart of the DI
(37), while (73) and (74) are the counterparts of (39). The
equality in (75) is the explicit (that is, forward in time) form
of the implicit (backward-Euler) algorithm (74). Following
[21], we define the discrete-time sliding motion in terms of
the nominal variable 5x+1.

Definition 1
The closed-loop system (45), (53), (54), and (66) reaches a
discrete-time sliding motion whenever there is a finite
k* € N such that

5k=0 (78)
holds for all k> k*.

In analogy to the continuous-time case, the control com-
pensates for the perturbation while the system trajectory is
in a sliding motion. This is quite an important property of
the backward-Euler method, which guarantees that the
control input is a selection (see Definition S3 in “Set-Valued
Mappings and DIs”) of the set-valued closed-loop right-
hand side.

Proposition 4
During the discrete-time sliding mode, the controller
Uk = tiin (Xx) + Usy (xx) defined in (60) and (66) satisfies

uy =—8x-1— (B"P'B) ' BPY(A - I)x«. (79)
Proof
It follows from (71) and (52) that
Ske1=sk+B T PYA - D) xx+ B"P Bux (80)
whereas the definition of 5¢+1 yields
Sk+1 = St+1+ B P Béy. (81)

Thus, the substitution of (81) back into (80), with a one-step
delay, leads us to the expression

§k+1=8k+B P 'Bbi_1+ BTP_l(A —Dxi+B"P'Buy. (82)

The conclusion follows directly by setting sx+1=5,=0. H

This last result shows that the exact compensation in
continuous-time (42) can be well approximated by the
implicit algorithm. The controller during the sliding
phase is independent of K, as predicted by the continuous-
time analysis.
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Control Calculation and Input-Sliding-Variable Conjugacy
The feedback control and future sliding variable are implic-
itly defined by (65) and (66). Such expressions are useful for
the stability analysis of closed-loop trajectories—but not
for implementation. For the latter, an explicit expression is
needed. To obtain such an expression, the duality between
Sk+1 and —usy(xx) can be exploited. Proposition 5 provides
different descriptions of the sliding variable 5¢+1 and the
control input usy(xr). Depending on the problem at hand,
some descriptions may result in simpler expressions
than others.

Proposition 5

Let A1eR™", A2=AJ €R™" be nonsingular, M:R" = R"
maximal monotone, and M = AY? oM« AV Then, the
control input and sliding output expressions shown in i, ii,
iii, and iv in Figure 4 are equivalent.

Proof

The equivalence between the implicit expressions i and ii
in Figure 4 is immediate. It suffices to invert A1 and M. To
show the equivalence between i and iii, note that the fol-
lowing inclusions are equivalent:

Ske1 € Nixr— AoM (Bk+1)
S € (AP + M) (A Arxy)

_1 - _1\1

s e(A 2oL+ M) A,2) (AT Arxi)
1 - _1

S e (A2 Lo+ M) e AL 2)(Arxy)
1 _1

S = A2Tw(A 2 ) (83)

where the fact that the resolvent T is single-valued in the
last expression is used. Now, the explicit expression for the
control input is given as
— s (ocr) = A2 (A1xx — 5e1)
_1 _1
= 0,2 (L~ T A, 2 M)
_1 _1
=02 Y (A2 M), (84)

To complete the proof, we show the equivalence between ii
and iv in Figure 4. To this end, we proceed in a similar

manner as previously; that is, the following inclusions
are equivalent:

— e (x1) € A Arxk — A" M (— 150 (1))
— e (i) € (A2 + M) (A1xp)

1 5 1\
() € (A2 (L+ M) AZ) (Arxo)
1 - _1
— oy (r) € Ay Z o (i + M) o AL 2 (A1 xi)

_1 _1
a0 = A, 2w (A2 A, (85)

Finally, the substitution of (85) into the sliding output yields

1 _1
S = Avve— A2Twe (AL 2 A
1 _1
= A2 (Li— T ) A, Aux)

1 1
=N Y (Az 2 A1Xk>. (86)

The controller us (xx) in (65) and (66) is calculated with
the help of Proposition 5 by setting M = 3(¥s.-K™),
A =B"(P+ lBBT) A and A = B"P7'B, where the inver-
sion of set-valued mappings and (S58) were used to com-
pute M~ (see Fact 9 in “Convex Analysis Tools”). To write
the explicit expression for —usv(xx), we make use of the
implicit expression ii in the lower part of Figure 4 by pre-
multiplying by K. Consequently, after rearranging terms

K71 AEl Al X+ K71 Usy (xk)

€ (KA2K) 'Ng. (=K ity (x0)) . (87)

A consequence of (564) is that

—ttsy (1) = K(Is+ M 'Ng.) ™ (K (x1))
= KProjm (B¢ (xx)) (88)
where
M=M":=K@B"P'B)K (89)
p(x):= K (BTPB)BT(P+1BBT) Ax

= K'(BTP'B) 2ix 90)

L) s : -1

} Ser1 = A2 Tin { A2?AXic
1

1

1

1

— B S
Usy (Xi) € M(5p,1) —Usy, (X = A" Vi <A2 A1Xk>
W) = et en R A A
St € M7 (-t () _ St = Ab Vi (A22A1xk>

=l =l
—Usgy (XQ) = A* T <A22A1Xk>

FIGURE 4 Implicit (left-hand side) and explicit (right-hand side) equivalent descriptions of the closed-loop sliding dynamics. Implicit
expressions are useful for stability analysis, whereas explicit ones are used for the numerical implementation of the controller.
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This extends the scalar case in (14). A simple choice for the
gain is K=y(B"P'B)™"%, vy >0, in which case M =vy’I
and (563) can be applied to obtain

wi=min{| @) |, 1}sgn(p(x1)i) i=1,...,n
(BT P-1BY-172 ©1n

Usy(xx) =—y(BT P B)""“w.
Otherwise, the controller can be computed as the solution
of a quadratic program under constraints, similarly to (18)

Proju (B K™ ¢ (xx))
=arg min%(f —K o)) ME-K o). 92)

£e B
See “Convex Analysis Tools” for B.., (S64a), and the associ-
ated piece of code for the computation of the projection.

Discrete-Time Classical Approach
Let us pass to the discretization of the first controller in (20)
and (22). To start with, consider (45) and set 5x+1 = o (xx, Uux)
as in (65) but with o(x,w)=C(Ax+Bw), so that
Ske1 = 0 (Xp, U+ 6x) = Cxr+1. We define uin by imposing the
condition

C(Axx+ Bunn(x1)) = Cxx = s¢ (93)
and assume as usual that CB € R"*" has rank m. In such a
case, uin can be computed as

in(xx) = (CB) 1 C (I, — A) xy. (94)
The rationale behind the choice for uin is to subsequently
ensure that 5¢+1 depends only on sx and ux. Further, set-
ting ux = i (xi) + (CB) vk gives

sk+1 = sk +vr+ CBSy (95a)

(95b)

Sk+1 = Sk + Uk.
From (95b), it is natural to define the control action
Uk = sy (Xk) €— KSgn (5k+1). This results in

Sk+1 € Sk — f(Sgn (3k+1) + CBéi (96a)

8k+1 € sk— KSgn (Bk+1). (96b)

A generalized equation with unknown 3x+1 is obtained in
(96b). The resemblance between equalities in (96b) and (72)
is clear. Now we define 3 = K™"/?5; and note that (96b) is
equivalent to

§ie1 € K25 — K2Sgn(K25ks1) = K 250 — 9fGhar)  (97)

with f(-) =] |, - K"/>. Once again, the chain rule has been
used (see Fact 7 in “Convex Analysis Tools”). Notice that
the functions fin (97) and (25) share the same structure and
are both proper, convex, and LSC. Thus, the expression (97)
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is also a generalized equation with unknown §i+1, rewrit-
ten equivalently as

~ Pl
Sk1 = PI‘OXf(K 25)
= Prox; (K2 (5% + CB&: 1))
= Prox| ()|, (3% + CB&x-1). (98)
This algorithm may be named a robust or perturbed proxi-
mal-point algorithm. Using (95), it is also inferred that

99)

K

Sk+1 = IZ%ProxH 1o (sk)+ CBéx.

Remark 5
The previous control strategy has been proposed in [21]
and [32]. For instance, (96b) is exactly [21, eq. (9)].

Stability Analysis and Sliding Mode
We briefly recall the main stability properties of (96). It is
proved in [21, Prop. 2] that the {5} ren solution of (96b) con-
verges to zero in a finite number kmin <+oo of steps (cf.
Proposition S2 in “Proximal Mapping and Proximal-Point
Algorithm” as well), while the {si}ren solution of (96a) is
bounded. During the sliding mode (5¢ = 0 for k = kmin), we
have si+1 = CB8x since s+ us (xx) = 0 is equivalent to
Uy (x) =—s5r =—CB&i-1. (100)
As a fundamental result, the control (24) is approximated
by (100); in discrete time, the implicit method allows us to
design an input that compensates for the perturbation with
a one-step delay, in a similar way to (42). Once again, the
set-valued controller does not depend on the gain K during
the sliding phase.

Control-Input Calculation
Using Proposition S3 in “Convex Analysis Tools,” (96), and
mapping inversion [see “Set-Valued Mappings and DlIs,”
Fact 9 and (559) in “Convex Analysis Tools”], we can
see that
K(K sk — (=K ey (x1)) € N g (— Kutow () (101)
is equivalent to —us (xx) = K(Ia+ K Ng.) " (K™'sx), which
in turn is equivalent to
—sv (k) = KProjg (Ba; K's¢). (102)
Again, the projection can be computed by solving a qua-
dratic program or, similarly to (91), conveniently choosing
K =yI so that
| (s0)i |

(sv(x))i=—7y min{i, 1 }sgn ((sk)i)-

, (103)

See “Convex Analysis Tools” for B.., (S64a) and the associ-
ated piece of code for the computation of the projection in a
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general setting. The controller in (103) is in the minimum-
operator formalism [49], [51], [66], [67], [68].

Remark 6
Dead-beat controller. The linear controllers in (20) and in
(94) have different structures. Suppose that uin(xx) is com-
puted as uin(xx) =—(CB)*CAx:, which would be a naive
implementation of (20). Then

CXkH = CAxk+CB(uhn(xk) +Sk)+vk = vk+CB(§k (104)
which is different from (95). Applying the previous us(xx)
yields 3+1 €—KSgn(Gk+1), which is equivalent to
§ke1= (Is+ 9P '(0). Since the operator (Is+df) " is single-
valued and its graph contains (0,0), we infer that 3x+1 = 0.
Therefore, this algorithm is a one-step dead-beat controller.
The implicit algorithms introduced in [21], [31], and [32] are
not of the dead-beat type. It is noteworthy that a major dis-
crepancy exists between (94) and the dead-beat input in the
framework of the discretization of continuous systems.
Consider, for instance, the exact zero-order hold (ZOH) dis-
cretization with constant sampling time & >0, where
A=e¢ B= eA”fg’g*ATBdT_ Then, as h—0, we have
(CB)'C(I.— A) = O(1), while (CB)'CA =0O(h™). Clearly,
the dead-beat input grows unbounded as h—0 and
cannot be a good candidate for convergence toward its

Implicit Sliding-Mode and MPC

mplicit discrete-time SMC and differentiation require the so-
lution of an optimization problem at each time step. MPC re-
quires the solution of an optimization problem over longer time
intervals. Besides this feature, there exists a closer and more
formal link between implicit sliding modes and MPC.
Consider an optimization problem over a horizon event of
one step

min f(Sk+1—hdk) + g” ux %,

(Sk+1,Uk)

such that sx+1 = Sk + huk + hSx (S77)

where the function f:R™ — R is proper convex and LSC. At
time tk = kh, sk is treated as a known parameter, whereas &«
is treated as an unknown parameter. The target is to find the
optimal control ux and the optimal state value si+1 that mini-
mize the given cost function. The Lagrangian associated with
(S77) is

L (Sk+1, Uk, Ak+1) = f(Sk+1—hSk) +%H x|

— A1 (Sks1 — Sk — hux — hék) (S78)

while the Karush-Kuhn-Tucker (KKT) conditions associated
with (S77) are

1) 0 € sy i L(Sk+1, Uk).

2) 0= VyL(Sk+1,Uk)-

3) Sk+1 = Sk+hui+ hdx.

continuous-time counterpart. This shows that this type of
dead-beat controller is well suited to purely discrete-time
systems but not for discretized continuous-time systems.

Recapitulation
Here, we summarize some of the connections between
SMC, passivity, and optimization.

Link With Optimization

It is interesting to note that operators of the form (I;+ M) '
are ubiquitous in the previous discrete-time algorithms;
they are the well-known resolvent mappings, very close to
Yosida approximations [see (S17) and (S20) in “Maximal
Monotone Operators”]. They have been exhibited in (10),
(11), (75), (88), (98), and (102). They are a direct consequence
of the presence of a maximal monotone mapping M on the
right-hand side of the DIs in (25) and (39). These operators
are resolvents of mappings of the form M = 9f for some
proper convex LSC function f. This shows the strong con-
nection between the implicit discretization method and
optimization [see also (88)]. Thus, a common feature
between model-predictive control (MPC) and set-valued
sliding-mode implicit discretization is that an optimization
problem has to be solved to compute the controller. This is
formalized in “Implicit Sliding-Mode and MPC,” where the
implicitly discretized scheme is reinterpreted as a one-step

From KKT-i, it is seen that 0 & of(Sk+1—hdk) — Ak+1 is
equivalent to Ak+1 € 9f(Sk+1—hdk), whereas from KKT-ii, it
is seen that 0 = huk + hAk+1 is equivalent to Ak+1=—uk. The
combination of both relations together with condition KKT-iii)
yields

h2Ak+1=—huk = Sk + hSk — Sk+1 € hof (Sk+1 — hSk). (S79)
Consequently
Sk € (I + haf) (Sk+1— hSk) & Sk+1—hSk = Proxsr(Sk) (S80)
and the substitution of (S80) back into KKT-iii leads to
Sk+1—h&k = sk + huk = Proxas (k). (S81)
Equivalently, we have
Ui == (s~ Proxu(si)) (S82)

Setting the dummy variable Sk+1 as Sk+1 = Sk+1 —hdk yields

Sk+1 = Sk+1+ hd«
Sk+1 = Sk + huk,
—Uk € of (Sk+1)

(S83)

which are the same equations obtained from the backward-
Euler discretization of the system $(t) € —of(s(t)) +5(t);
see (95).
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The discretization with an implicit scheme turns out to be necessary for
assuring passivity (a fact that was not noticed in previous works on the topic).

MPC. The explicit discretization [that is, choosing
te (xx) €E—KSgn (s)] yields operators of the form (Ila— 9f),
which are neither monotone nor do they possess interest-
ing properties in terms of stability or robustness.

The previous analysis is closely related to the analysis of
proximal-point algorithms (Definition S5 in “Proximal
Mapping and Proximal-Point Algorithm”). However, a
peculiarity of discrete SMC is the notion of a robust proxi-
mal-point algorithm, formulated in (S31) in “Proximal
Mapping and Proximal-Point Algorithm” and shown to
converge in a finite number of steps, given sufficiently
large gains. It is worth emphasizing that (66) has the form
Uoy (1) €= 0| KBks1 ||p with p = 1. Just as with the continu-
ous-time case, other norms can be used (or other proper
LSC convex functions for that matter). For arbitrary p, it suf-
fices to replace B in (88) by B, . For example, the implicit
discretization of the unit control is

— sy (k) = KProju (Bo; K E(xx)). (105)
Again, it is possible to choose K such that M = y* and use
(562) to compute an explicit form for the projection.

Link With Passivity

Both control design methodologies described previously
follow the celebrated passivity plus zero-state detectability
or observability results [73], [74], [79] (see [77] for the dis-
crete-time version). Regarding the direct passivity-based
design, Theorem 1 shows that a triplet (V (x),sk+1,vx + 8%)
can be chosen, defining a passifiable system. Hence, it is
necessary that the system has relative degree zero and is of
minimum phase. The system is actually rendered passive
with uiin (x%), so that

Xre1 = Axi + Buin (xx) + B(vr+ 8
Sk+1 = CXk+1

(106)

happens to be zero-state detectable [77, Def. 2.2]. In this
setting, the discretization with an implicit scheme turns
out to be necessary for assuring passivity (a fact that was
not noticed in previous works on the topic). The next step
is, in fact, an extension of [77, Thm. 2.6], using a set-valued
static output feedback controller. The principle is the same
for the discrete-time classical controller design, although
in most of the classical literature, the zero-state detectabil-
ity property is assumed a priori rather than shown as it
was done in Theorem 1. A notion that is closely related to
feedback passivity is that of control Lyapunov functions.
The connection between sliding variables and control
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Lyapunov functions has been explicitly recognized and
exploited, for example, in [76] and [80], although it is worth
mentioning that the idea already appears in its early
stages in [81] and [82].

Closed-Loop Properties

It is well known that, in continuous time, a sliding-mode
controller gives rise to a DI. For a properly designed con-
troller, closed-loop solutions converge to a sliding surface
{£ €R" | (&) =0} in finite time. Moreover, once the state
has reached the sliding surface, a solution stays on the sur-
face and becomes independent from any perturbations
matched by the control. The latter is a remarkable property
that can be explained only by the set-valued nature of the
closed-loop vector field. A suitably discretized controller
should approximately replicate these properties. This is the
case, for example, with the implicitly defined control law
(66) since the condition o (xxux) =0 is attained in finite
time and maintained thereafter, regardless of any bounded
matched perturbation.

The discretization us (xr) €—KSgn(K5) produces digi-
tal chattering and loses the robustness and stability prop-
erties of its continuous-time counterpart, no matter how
small 1 > 0 is. The implicit discretization, on the other
hand, maintains these properties, even for a relatively
large /1 (a fact verified experimentally). At the same time,
implicit discretizations are consistent in the sense that
discrete-time solutions and inputs converge to their con-
tinuous-time counterparts as 1 | 0 [21], [44]. When written
explicitly, the implicit (backward-Euler) discretization
takes the form of a projection function of the state on a set,
which in some simple instances can be computed using
saturation functions. Note, however, that when using the
implicit discretization, correct parameters for the satura-
tion functions are automatically provided by the method;
no trial-and-error tuning is required.

The properties described in the previous two para-
graphs can be formulated using asymptotic notation. Con-
sider, for example, the nominal case. If the state is inside a
neighborhood of order two of the sliding surface,
|se[|= O, then at the following step, we have only
|sese1]|=O(h), and the state exits the neighborhood [21,
Lemma 10]. If, on the other hand, the discretization is
implicit, the sliding variable remains inside a neighbor-
hood of the same order, | si+1 | = O (#?) [21, Lemma 11].

The implicit discretization method results in a con-
trolled system that is also robust with respect to uncer-
tainty in the system parameters [43], [44]. With the
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Contrary to a widely spread idea, SMC is not intrinsically related to
discontinuous and infinitely fast switching inputs (bang-bang-like controllers).

appropriate choice of the maximal monotone operators, it is
also possible to obtain robustness with respect to
unmatched external perturbations as well [45], [65]. The
explicit computation of the control law can be carried out in
several ways, depending on the complexity of the problem.
In some cases, it is possible to obtain an analytic expression
[for example, as in (102)]. In more complex scenarios, it is
always possible to resort to the numerical machinery
described in the “Computational Issues” section.

On the Nature of SMC

Contrary to a widely spread idea, SMC is not intrinsically
related to discontinuous and infinitely fast switching
inputs (bang-bang-like controllers). The implicit discreti-
zation shows this fact as it allows us to correctly approxi-
mate not only the closed-loop system’s output s but, most
importantly, the set-valued input. Two fundamental
notions are prominent: the selection of a set-valued map
(Definition S3 in “Set-Valued Mappings and DIs”) and
the calculation of the controller with optimization tools,
as detailed later. See Figure 8 for a typical illustration of
discontinuous inputs and selections of set-valued con-
trol inputs.

HIGHER-ORDER SET-VALUED CONTROLLERS

AND DIFFERENTIATORS

The goal of this section is to show how the foregoing
developments extend to “modern” sliding-mode algo-
rithms dedicated to control, state observation, or dif-
ferentiation. Most importantly, higher-order schemes,
introduced by Levant and coauthors [8], [9], [10], have
witnessed considerable attention in the past 20 years.
Roughly speaking, first-order schemes permit the
designer to guarantee that a sliding variable (denoted s
in the “First-Order SMC: Continuous Time” section)
vanishes in finite time. Then, the origin is attained
asymptotically while the state trajectories evolve on the
sliding surface. Higher-order schemes of order r (order-
r schemes) guarantee the finite-time convergence of the
sliding variable s and its derivatives up to the (r—1)th
order to zero. This is called an r-sliding surface, and the
r-sliding mode is defined by the invariance of
xeR"|s(x)=5(x)=...=s"""(x) =0} along a system
trajectory. From a practical point of view, the higher-
order sliding-mode method offers several advantages:
1) in the extreme case r =n > 1, the origin is attained in
finite time, a feature not possible with first-order
schemes; 2) by adding integrators at the plant’s input, it

is possible to steer the plant using arbitrarily smooth
controls; and 3) given a signal with the bounded (r +1)
th time derivative, it is possible to recover the first
r derivatives.

The main principle used in the discretization schemes
presented in previous sections is structure preservation,
that is, the preservation of passivity and maximal mono-
tonicity. Structure preservation presents several chal-
lenges in the case of r-SMC. First, a necessary condition
for establishing an r-sliding mode on s is that the sliding
output has relative degree r. Thus, for r > 1, the plant
cannot be the feedback equivalent of a passive system.
Second, most higher-order SMC algorithms are not
defined by maximal monotone DIs. Finally, the main
underlying structure is homogeneity [83], a property
that is not meaningful in discrete time. However, we will
show in this section that maximal monotonicity still
plays an essential role in the backward-Euler discretiza-
tion of such schemes.

The first part of this section is dedicated to the super-
twisting algorithm [10], which is certainly the most wide-
spread modern sliding-mode scheme. Then, other
higher-order differentiators and controllers are presented.
The section ends with a short discussion about homogene-
ity-based schemes and on how proximal-point algorithms
appear in this setting.

Supertwisting Algorithm

The supertwisting is an order-2 algorithm. It has proven
useful for control, differentiation, and state observation.
The following presents all three application fields.

Supertwisting Differentiator

Consider a signal f:R — R and suppose that we wish to
differentiate it in real time. A common solution in practice
is to replace f by its dirty derivative, §, which is obtained by
passing f through a linear filter of the form

z(t) ==y (z () +vf(1)
gt =z +vf(t) (107)
with y > 1. It can be easily shown that as y approaches
+oo, the transfer function of the filter converges to that
of a differentiator. This high-gain strategy benefits from
simplicity, but it has two important drawbacks: noise
amplification and phase lag. If f is Lipschitz continuous
with the Lipschitz constant L > 0, then a supertwist-
ing differentiation algorithm can be used. The
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advantages of such a scheme are 1) exact differentiation
with finite gains in the absence of noise, 2) limited noise
amplification, and 3) no phase lag.

We will make use of the operator [w]*:=|w [ sgn(w),
a >0, w € R. Notice that [w|* = 3« (w) with

S jw| (108)

{a(w) =

The convexity of {, immediately guarantees the maximal
monotonicity of [-|% see Theorem S2 in “Maximal Mono-
tone Operators.” Notice also that [-|* is single-valued for
a > 0 but multivalued at the origin when a = 0.

The supertwisting differentiation algorithm [6]
reads as

zo(t)=z1(t) — YOL%SO(I{')%

z1(t) € — y1Lsgn(so(t)) (109)

where so(f) := zo(f) — f(t) and yo,y:1 are positive gains. The
differentiator properties are best appreciated under the
coordinate transformation oo(t) := (1/L)(zo(f) — f(f)) and
o1(t) :=(1/L)(z1(t) —f(t)). In these coordinates, system
(109) is rewritten in recursive form as [84]

o"o(t)=0'1(t)—700'o(t)%

. ) (110)
61(t) € = yisgn(oo(t)) —f(t)

If yo and y1 are appropriately chosen, then the origin
(00,01) = (0,0) is reached in finite time, and thus the condi-
tion so(t) = s0(f) = 0 is attained and maintained after a finite
time [85]. Hence, the differentiator attains a two-sliding sur-
face. On the sliding surface so(t) =0, we have zi(t) = fb),
which shows that the signal’s derivative is available in finite
time. The backward-Euler (or implicit-Euler) discretization
of (109) is

1 1
Sok+1 = Sox + hz1ke1 — hyoL2 [sox+1]2 — Af (111a)

Z1k+1 € Z1k — hy1Lsgn (sok+1) (111b)
where Afi:= fir1—fr. Our purpose now is to derive an
explicit representation of (111). Substituting (111b) into
(111a) and solving for so-+1 yields

sok+1= (Lo +hMu) " (Sox + hz1k — Afe) (112

where

M, (w) = yoL% [wj% + hy1Lsgn (w) (113)

is a maximal monotone operator (being the sum of two
maximal monotone operators, both with domain R). The
iteration (112) is compactly written as the resolvent-based
algorithm

Sok+1 = I v (Sok + hz1k — Af) (114)
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[see (S31) and Proposition S2 in “Proximal Mapping and
Proximal-Point Algorithm”], where the resolvent is defined
in (517) in “Maximal Monotone Operators” [compare with
the classical algorithm (98) and the general iteration (S31)].
It is interesting to note that choosing an exact discretization
as in [86] and neglecting unmeasurable terms also yields a
form like (114) [86, eq. (24)]. Together with (10), (75), and (98),
this shows the ubiquity of resolvent-based algorithms in
the implicit discretization of sliding-mode systems. The
algorithms provided in [86] and [87] also correspond to the
resolvent in (114). As seen later in this article, there is no
unique way to compute the resolvents numerically.

With an explicit expression for sox+1 available in (114),
we can readily solve for the state z1.+1 forall 1 > 0 in (111a)

Z1k+1 = %(50,k+1 —Sok+ hYOL%[SO,k-HJ% + Aﬂ) (115)

Therefore, the pair of (114) and (115) forms a nonlinear dif-
ference equation with the state vector (sox z14) " and allows
us to advance the discretized supertwisting differentiator
from step k to step k+1. Notice in passing that, having
computed the future state zik+1 in (115), the equation
Z1k+1 = Z1k — hy1LAk+1 can be used to compute a selection
Ak+1 € sgn(sox+1) such that (111b) holds.

Remark 7
In real-time applications, it is possible to substitute Afi by
Afi-1 in (111a), and hence in (115), to render the differentia-
tor nonanticipative.

Semi-implicit discretization is also possible. Replace
(111) by

1 L
Sok+1 € S0k + hz1es1 — hyoL2|sox [2sgn (s0x+1) — Afc  (116a)

Z1k+1 € Z1k — hy1Lsgn (sox+1) (116b)

where the implicit terms have been restricted to the set-
valued functions. Solving again for sox+1 now leads to

1
sox+1=(a+ (hyoL% |sok[2 +h2y1L)sgn) " (sox+hzik— Af).
(117)

Compared to (113), the maximal monotone operator is mod-
ified to

M (w) = (}/oL%| So,k |% +hy1L)sgn(w). (118)
Calculating zik+1 is somewhat more complicated than
before. First, define the selection Ar+1 € sgn(sok+1) and
recall that it holds if and only if sor+1 € N[-1,1(Ak+1) [see
Definition S3 in “Set-Valued Mappings and DIs” and Fact 9
and (555) in “Convex Analysis Tools”]. By inverting the
operators in (116), the system in the new coordinates can be
rewritten as
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1 1
Sok+hzike1— hYoLﬂ S0,k |2 Ak+1— Afc € N-1,11(Ak+1) (119a)

Z1k+1 = Z1k — hy1LAk+1 (119b)

and then solved for Ax+1. To do so, first substitute (119b) in
(119a) to obtain

1
Ak+1 € ﬁ(SO,k +hz— hYoL%‘ Sok ‘2 Ak+1
= Afi— N1 (/lkﬂ)). (120)
The inclusion is equivalent to
_ Sox+ hzix— Afk
)Lk+1 - ij,h ( hz'}’lL ) (121)
1
M (w) = — | sox 2w + Ni1.1) (w). (122)
hy1L2
Finally, z1k+1 is recovered from (119b) as
Sok+hzik—A
Z1k+1 =2k — Iy L Tm Okzilkfk . (123)
h Y1 L

The resolvent Jwm,() can be calculated as indicated in
“Proximal Mapping and Proximal-Point Algorithm,” after
(529). Resolvents of this kind are basic tools found in all the
higher-order algorithms in this section.

Super-Twisting Controller

When the supertwisting algorithm is used for control
(as opposed to differentiation), a perturbed integrator
x1(t) = u(t) + ¢(t) is considered. Such dynamics may stem
from some transformation of the plant’s dynamics via feed-
back, or x1 may represent a sliding variable similar to s in the
first-order schemes; hence, it may be a combination of the
plant’s state variables [88]. The proposed controller is given by

w(®)=v() - yol2[x:(0)]2,
v(t)e—vyiLsgn(x1(t)). (124)
The control u in (124) can be interpreted as a nonlinear non-
smooth set-valued proportional-integral input. The main
interest in this controller stems from the fact that, con-
trary to the first-order case, the applied control u is a con-
tinuous function of the state. By making the time-varying
change of variable x2(f)=v(t)+¢(t), one obtains the
closed-loop system

#1(6) = x2(t) = yoL2 i () |2

Xa2(t) € — y1Lsgn (x1(t)) + 8 (t) (125)
where §(t) = ¢(t). The closed-loop dynamics (125) is the
same as the differentiator’s dynamics (110). The finite-time
stability of the origin x1 = x2 = 0 is guaranteed under simi-
lar assumptions on the gains [85]; hence, x1 = x1 = 0 defines

the two-sliding surface. Notice that, similarly to (24)
and (42), the controller compensates exactly for the per-
turbation on the sliding surface {0} C R?, along which
u()=v(t)=—o(®.

The objective now is to compute a discrete-time version
of the controller, similar to the explicit expressions (13) and
(14). A discrete-time model for the plant is

X1k+1 = X1,k + hug + h@r (126a)

@Qk+1= @k + hér. (126b)
Here, @r and & are discretized versions of ¢(t) and §(t)
(see [35] for details). The implicit discretization can now
be achieved by following the same steps as in (111). Intro-
duce, for instance, a nominal virtual variable
X1k := X1k — h@-1, as done in (65) and (95); see [35, eq. (8)
and (9)].
According to (126a), the nominal variable evolves by

X1kt = X1k + hug (127)

while the nominal backward-Euler discretization of (124) is

1, 1 3
ur E—yol2| X1 k1 [2sgn (Fikr1) + Viet,

Vi+1 = vk —hy1Lsgn (X1,k+1). (128)
Substitution of (128) in (127) gives
Frpe1 = (Ta+ M) 7 (e x + hv)
= T (X6 + hvi) (129)

with M as in (113). The explicit expression for the control
in (128) is as follows [35], [89]:

u(xX1,5vi) = —yoL%ﬁkSgn (x1,5+ hvi)

. Xkt hv
v hy1LPro]<[ L ) (130)
with
1
_ —hyoL2 [ W?y5L
ﬁk = 5 + 4 + pk
pr =max{0, | xix+ hvi|— h?y1L) (131)
while
Vie1 = Vk—hJ/1Pr0j<[—1,1]; %) (132)
Alternatively, we may rewrite the control as
U (k) = (L M) kv =S5 (133)

It is noteworthy that this boils down once again to the cal-
culation of a resolvent and of a projection (the saturation
function). That is, (129) defines a resolvent-based algorithm
similar to (114) and (116).
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As mentioned previously, a semi-implicit method can be
applied [36]. The method yields

Frer = (Ta + iMis) ™ (v + hv) (134)
but now with
M (@) = (yoL2 | x14[2 + y1L)sgn () (135)
similar to (118). Another choice is
My (w) = (yoL2| Z1[2 + hy1 L) sgn (). (136)

Which alternative should be chosen is an open question.
Note that, during the sliding motion, X1t+1=X1x=0, and
the inclusion

Vi+ @x € -(1a+hM3) 0) = hyoL[-1,1] (137)
follows from (129). Using (130) and (131), we obtain
ot o
u(xl,k,vk)=—%=—mT}“p“=—(pk_l. (138)

It is inferred that, similarly to first-order controllers [see
(100)], the implicit supertwisting scheme compensates for
the perturbation with a one-step delay.

Multivariable Super-Twisting

The previous supertwisting scheme in (124) extends to the
multivariable supertwisting [90], with x1, x2 € R". One
replaces (108) by

Law) = lwls™ (139)

1
so that instead of |x1|2sgn(x1), one has

1 1
[ ol 1, = s N o) (140)
[see (559) in “Convex Analysis Tools”], and sgn(x1) by
d||lx1]2 (or the subdifferential of any other norm), in (124).
This yields the resolvent Jum, to be computed at each
step with
1

M (w) = o w [33] w |, + hazd]w |, (141)
a1 > 0, ax > 0. Note that M), = 3(0!1{:1/24-]’10!2{0). It follows
from the convexity of {« and Theorem S2 in “Maximal
Monotone Operators” that M, is maximal monotone.

Generalized Observer

A further interesting class of state observers is analyzed
next. So far, we have seen that the supertwisting algorithm
is suitable for differentiating a signal. Differentiation and
state observation are notions close to each other. The equiv-
alence between uniform observability and the ability to
recover the complete state by differentiating the system
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output is well known. In view of (109), it is not surprising
that the supertwisting algorithm can be used to observe
planar systems. Recall that a planar system is uniformly
observable if and only if there exists a coordinate transfor-
mation such that the system can be written as follows [91]:

X1 = f](X1,M) + x2
5(2 = fz(xl,XZ,Ll)

y=xi (142)

from where it is clear that the remaining state x» can be
recovered by differentiating the output y. Consider the

class of set-valued supertwisting observers presented in
[92, eq. (12.3)—-(12.5)]

X1 = fi(&1,u) + &2 — Liyd(er) (143a)

%2 € (1 do,u) = Ly’ 92 (e) (143b)
pr(er) = puiler]z + pafer | (143¢)
P2(e1) = %% sgn(en) + ualenf 2+ pdler Pt (143d)

where ©120, 4220, wiu2#0, q=(1/2), L >0, >0,
y >0, and e; =X1—x1 is the state estimation error. An
implicit discretization of (143) reads

Xik+1 = Xk +Hfi (X ke1, ur) + ok — hliygr(enr+1) (144a)

Xoki1 € Xok+ Mo (R1eer, Xoker, u) —hlay* ¢a(eris1)  (144b)

with ey k+1 = X14+1 — Yr. Noting that ¢2(e1+1) is a set-valued
function of e1k+1, it is assumed that (144b) can be solved to
get Xox+1 € (e1k+1,Yk X2k Uk, hp2(e1k+1)) for some function
®. Inserting the latter in (144a) yields

e1k+1 € Yk—1— Yr + ek + nfi(evk+1, Y, k)

+h® (11, Yk, X i, hp2 (e1641)) — Hl1yr(erest).  (145)
It is inferred that

e1i+1 € (Lo = hAa (e ur) + h® (-, yx, Xox, ur, hpa ()

+hly$1()) ™ (Ye-1 = Y+ en). (146)

Then, provided that the operators x ——fi (x, yx ux) + [1y¢1(x)
and x — ®(x,yx X2k tr,h¢2(x)) are maximal monotone
(notice that ¢1 and ¢2 are strongly monotone for g > (1/2)),
the inclusion in (146) is an equality, and the right-hand side
is a resolvent. Depending on the nonlinearities, the closed
form of this resolvent may be impossible to obtain, in
which case the numerical solutions described later are nec-
essary. The observed variable X2+1 is obtained from (144a)
and (146). Of course, semi-implicit methods can also be
applied, making computations easier and allowing for
relaxed assumptions.
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Higher-Order Differentiators

The supertwisting differentiator calculates only the first-
order derivative. It is sometimes necessary to compute
higher-order derivatives of f. A naive approach is to cascade
several differentiators of the form (109) (which may provide
reasonably good results for the second derivative [93]). A
more efficient solution is to directly construct a differentia-
tor of order r — 1, ¥ = 2 by enforcing an r-sliding mode. The
arbitrary-order supertwisting differentiator (AO-STD) has
the dynamics in nonrecursive form as follows [7], [84]:

50 = zioa (B) — i T [so(B) /1, i=0,..
zr(t) E—vrLsgn(so(t))

,r—1,
(147)

with so(f) = zo(t) — f(t). The differentiator (147) is the coun-
terpart of (109), while the counterpart of (110) is written in
the recursive form

6i()=ois1(t) —yi[oo®) 71, i=0,..,r—1,
6:(t) e—yrsgn(oo(t) + £V (H) (148)
where o;(t) := (1/L) (zi(t) — f7(t)). The accuracy and robust-
ness of these differentiators have been studied by exploit-
ing the homogeneity of (148) [50], [84]. As shown in [87],
[86], and [94], their discrete-time versions lend themselves
to transformations that yield the same structures as in (129)
or (114). In particular, it is shown in [87, Table 2] that “classi-
cal” higher-order differentiators known as uniform robust
exact differentiator (URED) [95], AO-STD [7], [84], homoge-
neous discrete-time differentiator, generalized homoge-
neous discrete-time differentiator [96], first-order
differentiator with first-order sliding-mode filtering [5],
[97], and arbitrary-order differentiator with first-order slid-
ing-mode filtering [97], [98] yield, when implicitly or semi-
implicitly discretized, the equation

Sok+1 =T v, (— D) (149)
where M = Miing i + Msetn With Meetn set-valued maxi-
mal monotone, Miing: single-valued monotone, and
b =b(sox 21k ..., Znk, ARK), Afi = fre1— fr.

We now provide the implicit URED operators, which
consist of the supertwisting operators with additional
higher-order terms [87, Table 2, eq. (39)]. Its defining
operators are

Maing (@) = o2 ([ ]2 + gl ]2) + Sy i Llw P + 20y Lo

(150a)

Meet () = %h)/lLsgn(w) (150b)
and the argument is

b(sokz1k Afe) =—5sox — hzix + Af (150¢)

where Ao, A1, 4 are parameters. Similarly to the super-
twisting differentiator, the URED has an additional state
variable x1; see, for example, [87, eq. (6)]. The URED coun-
terpart of (115) takes the form

1 3
Z1ke1 = %(50,k+1 —sok+ Afi + hYoL% [so+1]2 + hL%,Ll[So,kHJf).
(151)

We now derive the semi-implicit version of this algo-
rithm. First, sox+1 = Jm,. (—bi) is computed with

1 3
Min(w) = < YoL%(| Sok |2 + a0 \2)+ %hﬂZ%LS%,k

+hyr|sox|+ %th) sgn (w) (152)

which is the URED counterpart of (117). Let Ak+1 € sgn (sox-+1)
be a selection of the set-valued sign function. Solving for
Sok+1 € N-1,11(Ak+1) gives

1 1 3
Sox + hx1x— Afy — hyoL2 (| Sox |2 + | sox ‘Z)MH -

thlL(Zu\ Sok| +%ﬂ25%,k+ %)Mﬂ € Ni-1y(Ak+1)  (153)

so that Ak+1 =T mis (—%> with

L 3
My = —2—(yol sox[? + el 504 )
ha L2

+hya L2 (2u] sox |+ %;ﬂsé,k + %))Li + Ny, (154)

Finally, we can recover

Z1ge1 = Z1k + hy1L<2y| Sok|+ %yzsélk + %)Akﬂ (155)
which is the URED counterpart of (123). Thus, (114) and
(115), (117) and (123), (149) and (151), and (152) and (155)
make nonlinear difference equations with the state vector
(sox z16) . Some of these may be named higher-order proxi-
mal-point algorithms since inserting, for example, (115)
into (114) yields a difference equation with sox and sox-1 in
its right-hand side. From the point of view of the resolvent
calculation at step k, all terms depending only on measure-
ments at k are considered as being constants.

Similar developments can be carried out for the AO-STD
in both implicit and semi-implicit cases [87, Sect. 5.1 and
5.8]. For instance, the AO-STD of order 3 yields
Sok+1 = I nmi, (—br) with

2 . _
Mis() = 3 W'yl 5 [T + WysLsgn(w)  (156)
1=0

for the implicit method, and
2 1+1 3-1
My (w) = <z RyiLs |sox| * + h3y3L>sgn (w)  (157)

1=0
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for the semi-implicit method. The remaining state variables
Z1k+1, Z2k+1, Zak+1 (Which are the higher-order derivatives
of f) are calculated similarly as for the supertwisting and
the URED, yielding other higher-order proximal-point
algorithms.

Relay Polynomial Controllers

As mentioned previously, an interesting feature of higher-
order sliding modes is the possibility for the state to attain
the origin in finite time. There exist several classes of algo-
rithms achieving this objective (for instance, quasi-continu-
ous or nested controllers [99]). The following algorithm is
one of the simplest, which is why we present it. Consider a
perturbed chain of integrators

xit)y=xina(t), i=1,...,.n—1,

Xu(B)=u(t) +8(). (158)
The relay polynomial controller u(t) = it (x(t)) with
i (x) e—ynsgn<[xnj” + a1 [x,z_lj% + ot y1x1) (159)

establishes an n-sliding mode at the origin in finite time,
provided that the perturbation §(t) is uniformly bounded
and that the gains y; > 0 are appropriately chosen [80],
[100]. The forward-Euler discretization of the open-loop
system is

Xik+1= Xik+hxivip, i=1,...,n—1,

Xnk+1 = Xnk + huk + 5}{. (160)

The backward-Euler discretization of (159) takes the
implicit form ux € —y.Mgn(ur) with

My, (w) = sgn([xn,k F H0" |+ Y [Xnk+ Bk |2

+oFyi(o+ hXZ,k)). (161)
It is not difficult to see that, for every xx, My, is max-
imal monotone; hence, a unique solution uk(xx)=
(Is+ y«Mgn) ' (0) exists. In fact, it is possible to write an

analytic expression for the solution. Note that
ur €—ynMin(ur) is equivalent to
Uy €—ynsgn(ux — i (xx)) (162)

where
it (xx) = — %([Yﬂ*l (X1 + hxui|Z + -
et
+y1[xie+ hxz,kJ?J‘Z + xn,k>. (163)
The control action is thus ux = it (xx) — Jy.sga (it (1)), that is
e =min{|i (x) |y, }sgn (i (x1)), (164)
which once again is a form of the minimum-operator for-
malism as in (14b). Now, we consider the ZOH discrete

model of the chain of integrators
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n=i gj n+l—i
Xik+1= Xik+ Z TXHJ',I« +
=1 I°

oY (ur+8ix) (165)

n+1-

where i=1,...n and §; are (possibly unmatched) distur-
bances resulting from & (t).
We also consider the inclusion ux €=y, Mg (ur), where

2 i
2
xnfl,k+hxn,k+—h wJ

My (w) = sgn([x,,,k + hw" |+ yu-1 o

n—1 h] hn
+o (et 7x1 +ik T Fw) (166)

j=1

results from the exact ZOH discretization of (158). For each
fixed x, the operator My, is again maximal monotone, so
the resolvent (I;+ My,) ™' has domain R and is single-val-
ued. While an analytic expression is no longer available, it
is still possible to compute the resolvent numerically by
using the techniques described in the “Computational
Issues” section.

HIGHER-ORDER SCHEMES: STABILITY ANALYSIS
The systems (114) and (115), or (116) or (149) and (151), or
their semi-implicit version in (152) and (155), are higher-
order proximal-point algorithms that do not fit within the
robust proximal-point algorithm in (S31) in “Proximal
Mapping and Proximal-Point Algorithm.” The bounded-
ness of the closed-loop state with (130) has been proved
only in the absence of perturbations in [35]. As shown in
[89], the algorithm is not robust with respect to an
unbounded perturbation. A modification to (130) is pro-
posed in [89] that enhances robustness. Some results con-
cerning higher-order differentiators of the implicit
AO-STD type can be found in [87]. Some properties of the
implicit higher-order differentiators (sliding surface
invariance, accuracy, and finite convergence) are shown in
[87] and [94]. The stability of the semi-implicit supertwist-
ing controller is analyzed in [36]; see also the semi-implicit
discretization [32, eq. (60)] of the supertwisting velocity
observer [101].

HOMOGENEITY AND MAXIMAL MONOTONICITY

It is clear that maximal monotonicity is an essential prop-
erty for the analysis and the implementation of backward-
Euler discretizations (implementation issues are discussed
in detail in the “Computational Issues” section). On the
other hand, homogeneity is a powerful tool for control
design in continuous time [102]. Homogeneity plays an
important role in all of the higher-order sliding-mode algo-
rithms presented previously. It is therefore legitimate to
tackle the relationships between these two notions. A first—
very preliminary—analysis is made in [103, Lemma 1]. Its
conclusion is that homogeneous operators and maximal
monotone operators rarely match. In this section, we
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continue this path of investigation by examining two exam-
ples of consistent discretization of homogeneous systems.

While there is no consensus on what homogeneity
should be in discrete time, it is possible to construct consis-
tent discretizations by keeping track of the maximal mono-
tone operators that appear in the homogeneous vector
fields. Consistent discretizations of finite-time convergent
systems have been presented in [19, Def. 2.1 and 2.2]. For
example, consider the systems analyzed in [19, Sect. 6.2].
The first analysis concerns the discretization of a general-
ized homogeneous closed-loop system with homogeneity
degree d=1 (see [102] for definitions). After a suitable
transformation into another homogeneous system, the con-
sistent discrete-time dynamics

X1 = Xk — | 2 ||(Ln = A) xpi1 (167)

is obtained [19, Sect. 6.2, eq. (6.8)]. Similar to the discrete
dynamics presented in the previous sections, this dynam-
ics is given by the resolvent of a maximal monotone opera-
tor. Indeed, these are equivalent to

xpe1 = (Lo + ) x| (L — A)) 7 (x), k=0 (168)
with ATP+PA=0 for some P=P">0 [19, Def. 2.1]. If
we define R=R'>0 and R?>=P, then we obtain
RYA-1,)"R+R(A-I)R'=-2I,<0, from where it fol-
lows that R(I,—A)R™ > 0. Using the new state variable
Xr = Ruxx, the system dynamics takes the form

Xee1= X — | R7%||R (I — A)R i (169)
which is equivalent to
% = Lo+ B R % [R(I— AR (&), k=0.  (170)

Therefore, at each step k, the scheme is updated by calculat-
ing the resolvent Jm, of the maximal monotone operator
M;:w — | R % |[R(I, — A)R'w. The proximal algorithm
that is obtained is Xx+1 = 9w (Xx), which may be named a
time-varying proximal-point algorithm.

Another case with homogeneity degree d = — 1 is treated
in [19, Sect. 6.2, eq. (6.4)]. It yields the consistent discretization

X1 € Xk — h (L — A)F (xx41) (171)
which is equivalent to
xee1 = (La+h(l— A)E) " (x0) 172)
with
X .
- — ifx#0
E@)=1lxls 173)
Bp lf X = 0

and | x| p=+vx"Px. Using again the state variable X = Rxy,
one obtains

Xk+1 € Xk — hR (I — A)R ' RF (xk+1),

= X —hR(I, — A)R73| %1 . (174)

For the same reasons given in the first case (d =1), it follows
that A=R(I,—A)R"'>0. However, A# A" in general.
Now, we proceed as in the proof of [19, Thm. 4.1]. For all xx # 0

X Xk = X1 X1 + 200001 AD || Xt |

+ 12 (A3 zi1 )" (AD |z [,) (175)
-T -
= 5C;+15Ck+1 + 2h%k+_17Ax}{Jrl
Iz,
+ h2 (N3] xx+1 [l,) " A Xes1 [, (176)
> tfea ke + W2 (A Firn ) A s |, (177)
-T TA =
= 1T + 2 Ko A Ay (178)
k1
Since ATA >0, we have
T T
infhzw >0 (179)
o elh

for all 1 >0, from where the convergence of X to zero in a
finite number of steps is inferred. Thus, in spite of the fact
that neither the operator inside (172) nor the inside
Xre1 = (La+hA3| - Il, )71 (xx) is maximal monotone in general,
finite-time convergence of this algorithm is guaranteed [19,
Sect. 6.2]. As a side note, note that (174) is equivalent to
X1 € Xk — 1 (Nsym + As) 3| X1 [l (180)
with Agym=(1/2)(A+A") and A« =(1/2)(A— AT). There-
fore, (174) is interpreted as a discrete-time Hamiltonian
system
Xk+1 € Xk +h(J — R)oH (Xk+1) (181)
with [=—As«, R=Asm >0, and Hamiltonian function
H(x) =||x ||2 This is the implicit discretization of the Ham-
iltonian dynamics

i(t) e J-Rd|x®) ],

Thus, Hamiltonian proximal-point algorithms with resolvents
Jm=(La=h(J=R)3|- )7, M=-(-Ra|-| may be
introduced. More details on the discretization of Hamilto-
nian systems can be found in [104]. The previous analysis
suggests that maximal monotone operators and proximal-
point algorithms can be derived from the consistent dis-
cretization of homogeneous systems.

(182)

FURTHER IMPLICIT ALGORITHMS
Other Classes of Set-Valued Algorithms
The implicit discretization for first-order sliding-mode con-

trollers, supertwisting controllers, observers, differentiators,
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and higher-order differentiators has been studied in the pre-
vious sections. The implicit discretization of other classes of
algorithms has been analyzed in the literature: terminal SMC
for first- and second-order systems [42], [105], [106], twisting
controllers and differentiators [107], [108], switching between
a twisting and a first-order controller [109], proxy-based slid-
ing mode [33], [97], [110], homogeneous differentiators and
observers [39], [40], supertwisting velocity observer [32], other
types of differentiators [97], [98], [111], [112], [113], [114], [115],
the differentiator proposed in [5] discretized in [87], SMC of
nonsmooth actuators [37], homogeneous systems and con-
trollers [19], [116], nested controllers for second-order systems
with unmatched perturbations [45], first-order controllers
applied to Lagrangian nonlinear systems with parameter
uncertainties [43] and to linear hyperbolic infinite dimen-
sional systems [117], fixed-time or prescribed-time schemes
[19], [105], [118], [119], adaptive sliding-mode algorithms [120],
[121], [122], SMC with reaching law [123], fractional-order dif-
ferentiators [124], [125], multivariable supertwisting [126],
and modified supertwisting using minimum-operator-based
algorithms [similar to (14b)] [127].

The articles mentioned previously study implicit or
semi-implicit schemes. The solvability of the one-step non-
smooth problem (that is, do the generalized equations pos-
sess a solution to advance the scheme from step k to step
k+17?) is usually analyzed. Some also analyze the bound-
edness/stability properties, and only a few of them analyze
the discrete solutions’ convergence toward the solutions of
the continuous-time closed-loop. The analysis made in the
previous sections focuses on the first step, which is neces-
sary for implementation.

Limitations and Modifications of Implicit Algorithms
The fact that implicit and semi-implicit discretization
methods supersede the explicit one is widely accepted

i) y € ksgn(x) i) y € (Iy+ axsgn)(x)

K p—— oK

—-0K

V) x= % (Ig— (Iy+ oxsgn)™")(y)

K

—O0K
oK oK
-K

FIGURE 5 The graphical computation of resolvent and Yosida
approximation (lower left and right figures, respectively) for the
sgn multifunction in the scalar case. Note that, at each step, a
maximal monotone operator is obtained.

iii) X = (Ig+ aesgn)~(y)

—-oK
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and validated (see the “Experimental Results and Valida-
tions” section). However, open issues have emerged that
show that there is room for significant improvement. The
implicit method has been studied in [107] for the twisting
scheme and in [35] for the supertwisting one. However,
the straightforward implicit discretization of the twisting
scheme (that is, the implicit or backward-Euler emulation)
does not guarantee finite-time convergence to the origin
[128]; a modification of the emulated implicit method is
proposed in [107], which guarantees this property. As
noted in [89], the implicit emulation of the supertwisting
scheme (129) and (130) does not yield acceptable robust-
ness (a fact also noticed experimentally in [129]; see also
[130] for the influence of the plant discretization). Again, a
suitable modification of the implicit emulation allows us
to enhance it.

In addition, the discretization of implicit emulation of
some higher-order differentiators may still undergo numeri-
cal chattering, and suitable modifications have to be made to
avoid it [131]. All these numerous ad hoc modifications moti-
vate the conception of controllers and observers directly in
the discrete-time setting to overcome all the possible issues
linked to the emulation of the continuous-time controller. In
[132], this approach has been used for the design of super-
twisting-like controllers, leading to a closed loop that does
not have the limitations of pure backward-Euler emulation,
preserving the finite-time and robustness properties of the
continuous-time case. The necessary a priori knowledge of
the plant parameters may decrease the performance in some
cases [133]. Finally, finite-time stability may be lost after an
implicit emulation discretization has been performed and
may be recovered if a suitable state transformation is applied
before implicitly discretizing [19].

COMPUTATIONAL ISSUES

The analysis of closed-loop systems with implicit discrete-
time controllers and the computation of output differentia-
tors rely on computing proximal maps to convex functions,
or more generally, resolvents of maximal monotone opera-
tors (to solve the associated generalized equations). Figure 5
depicts the steps to follow to compute the resolvent of the
sign multifunction. However, as seen in the previous sec-
tions, some algorithms yield nontrivial resolvents. In gen-
eral, finding closed-form expressions for such proximal
maps is a hard task, so that the computation of the control
law has to rely on numerical methods from convex optimi-
zation. Moreover, the numerical method used to calculate
the resolvent can significantly influence closed-loop behav-
ior in some applications [41], [86], [93], [134].

Solving Generalized Equations With Proximal
Operators

The computation of the variable of interest (control input or
differentiator output) is reduced to solving either the gener-
alized equation
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Cir1 = @ (xi) + pn (xi),

—n(xx) € M({k+1) (183a)
with unknown {+1, or the generalized equation
—n(x) = %(P(xk) - %{m,
Lrv1 € M (=71 (x0) (183b)

with unknown 7(xx), where ¢:R" - R" is a known func-
tion of the state, p>0, and M:R" = R" is maximal
monotone.

As an example, note that (73) has this form with
Lk = 8k+1, n(xk) = sy (k)

M=2| |, -K(BP'B)2

(184)

and ¢ (xx) = Lxi. Likewise, (97) with (i1 = 38ie1, n(xe) =
use(xr), M=9| - | »K%, and ¢(x¢)= K 2s; belongs to this
class. Equations (126) through (131) also have this form
with  {ri1=Xok+1, n(xx)=ur(xorve), M as in (113),
@ (xx) = xox + hvi. Equations (149)—(150) are an instance of
(183) with {x+1 = s0k+1, M = Maing + Msetn, @ (xx) =—0br. The
unknown (x+1 for the generalized equation in (183a) cor-
responds to a “virtual,” “nominal,” or “unperturbed” slid-

ing variable, which can be used to determine precisely
whether or not a sliding mode is occurring in discrete time.
The generalized equation in (183b) has the unknown 7 (xx)
and can be interpreted as the dual—or reciprocal—of
(183a). From (183a), the selection n(xx) is explicitly given as

—n(x) = %w ~ T @) = Yomlp(x))  (185)

[see (S24) in “Proximal Mapping and Proximal-Point Algo-
rithm”], whereas (183b) gives

—1() =T im (%q)(xk)). (186)
The expressions (185) and (186) yield the same control law.
The choice between them depends on the proximal map to be
computed. That is, for a certain M, it could be easier to first
compute the inverse map M ™" and then (186), while for other
cases, (185) could be a simpler choice. In any case, a convex
optimization problem has to be solved at each time step.

For M=39|| - [, the calculation of the control inputs can
be performed according to (557) through (S59) in “Convex
Analysis Tools” so that

—n(x) = Proj(B,,,;%(p (xk)>. (187)
If p=1, then p" = o0, and according to (563), the control can
be Computed componentwise as

n(xk)i=—sgn(<p(xk)i)min{% | @(xx)i |,1}, i=1,..,n

which is a minimum-operator formalism, whereas if

p =p" =2, then, according to (562)
_1 if <

o P iflexo < p,

n(xi) =

— m ¢ (xx) otherwise.
2

For SMC, it is also common to find maps f given as the
composition of norm functions with linear maps. In this
case, the projectors change accordingly by considering
instead a weighted norm. Indeed, if M = 9(| - , ° R), where
Ris nonsingular, then it follows from [S28, Prop. 23.23] that

Tom(@() = (Li=R"+(RR"+@p[-1)™") "« R)(p(xs),
=(Ia=R"+(RR" +Nyg,) " * R)(@(xy)),
= ¢(xx) = R"Projre" (pB,;R ™" (1)) (188)
where we have made use of (S57) to get the second equality
and (S64c) to get the last equality, both in “Convex Analysis
Tools.”
In the more general case in which M =09(g - R) with g, a
proper convex LSC function, we have

Tim(Low)=R"0 (189)

where

6 = argmin{g’(£)

EcR"

+ %(5 - %IVTsD(Jck))IilzT <§ _ %R’T(p (xk)>}. (190)

The following proposition will be useful for computing
proximal maps associated with higher-order sliding-mode
controllers and differentiators as well as their associated
splittings.

Proposition 6
Let M:R = R be the maximal monotone map

N

M(x)z(Z ai\x|%>sgn(x) + bo (191)

i=0
where a;> 0 and p;/q; is a nonnegative rational number for
all ie{l1,..,N} and po=0. Then, for p>0, the resolvent
Jem has the form

Tom(x) = Bm(x,bo,p) “sgn (x — pbo)

where C is the least common denominator of the set of frac-
tions {(pi/qi) | i=1,..,N}, and Bm:RXRxR:i -~ Ry is
the unique nonnegative root of the polynomial

(192)

N
BS+pY aB ~max(0, | x—pbo |~ pac}  (199)
i=1

with indeterminate 8 and powers r; = C(pi/qi) € Z-.
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Proof
From the definition of resolvent in (517), it follows that
y=Jm(x) if and only if x € y + pM(y). That is

N P
x—pboe(|y\+puo+pzui\y|m>sgn(y). (194)
i=1

Since all the coefficients a; are nonnegative, we can see
from (194) that y =0 if and only if | x — pbo| < pao. Hence, if
| x — pbo| > pao, then y # 0, and from (194), we conclude that
sgn (x — pbo) =sgn (y), so that (194) becomes single-valued
as
N pi

|y\+pZ;ai|y\?—(|x—pbo|—puo)=0- (195)
Let C>0 be the least common denominator of the set
{pi/qi | i=1,...N}. The change of variables |y |= 8, where
B >0, transforms (195) into a root-finding problem for the
polynomial

N
B +p2 aiB"—(|x — pbo| - pao) (196)
i=1

where ri=C(pi/q:). Hence, to solve (195), we look for the
positive root of (196). Note that the nonnegativity of all a;,
ie{l,...,N} and Descartes’ rule of signs [135, Theorem
2.23] imply the uniqueness of such a positive root of (196) in
the cases when |x—pbo|>pao. The polynomial (193)
includes both previous cases. Indeed, if | x — pbo| < pao,
then the unique nonnegative root of (193) is 8 = 0, implying
y = 0. Finally, it follows that

Tm(x) =y =y|sgn(y) = Bm(x,bo,p) “sgn(x — pbo). (197)

The proof is complete. u

Instances of Proposition 6 have been independently
developed in [87] and [86] in the context of higher-order
differentiators, exploiting the fact that (192) is the unique
solution of the generalized equation

N i
0ey+ > ailylrsgn(y) +bo—x. (198)
i=0

Computation of Proximal Maps via Splittings

For complex strategies such as higher-order SMC and dif-
ferentiation, the associated monotone operator is composed
by adding several simpler operators. In this situation, the
splitting algorithms in “Proximal Splitting Algorithms”
can be used to compute the associated proximal map in an
iterative way.

Example 1

The splitting (592) can be used to compute the URED prox-
imal map in (149) and (150) as follows. Consider the optimi-
zation problem (587) with A=1 and
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€)= Zhnalz| g+ ThepiLI] (1999)

8= %hzxﬂm\ £P (199b)

h(é)= %hYOL%M ER+ Iy Lug + %(5 +b)% (1990

With the given parameters, the solution of (S87) gives the
proximal map Jim,(—bx), where M, is as in (150). Also,
note that Vi(-)is Lipschitz continuous in any bounded set
of R since

82

1 1
a§2h<f>=%hmum§\z +(1+2h%y1Lp).

(200)

Notice that, with such decomposition, each map appearing
in (592) is proximable. Indeed, it follows from Proposition 6
that

Proxer(x) = Jauor (x) = Bor (x, 1) *sgn (x) (201)
where
1 1\2
Bor(x,01) = —onhyolz + \/<O!21hYOL2) *4p(x) (202)

and p(x) = max{0,|x|— (e1h*y1L) /2}. Now, to compute the
proximal map associated with ¢ () in (892), we make use
of Moreau’s decomposition (see, for instance, [S28, Thm.
14.3] in “Maximal Monotone Operators”)

X
X = PI‘OXazg- (X) + azPI‘OXD%g (O(—2>

(203)

Let us compute Proxang(x/ a») using once again Proposi-
tion 6, so that

Proxang (O%) = Bog <aiz,o%>sgn (x) (204)
and
) = LHALEE L] oo
Finally, it follows from (203) and (204) that
ProxXag (x) = x — azProxang ((%),
=x — a2fa(x,p)sgn(x). (206)

Therefore, by using the expressions (201) and (206) in the
iteration (592) and by selecting the parameters a1 and a2
sufficiently small such that (593) holds, we have that
Eijv1 — T (—bx) as j1+oo.

It is worth mentioning that, for problems with more
than two maximal monotone terms, parallel algorithms,
such as those described in [137] and [S35], can be used.
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Proximal Splitting Algorithms
onsider the following problem. Given two maximal mono-
tone operators M1,Mz:R" = R", find £ € R" such that
0 € Mq (&) + M2 (¢). (S84)
Under constraint-qualification assumptions guaranteeing that
M; + M2 is maximal monotone, it is inferred from (S17) in “Max-
imal Monotone Operators” that problem (S84) is equivalent to
finding £ € R” such that
& =Tomi+m (€) (S85)
forany p > 0. The formulation (S85) allows for the search of a
solution of (S84) in an iterative way. Indeed, from the contents
of “Proximal Mapping and Proximal-Point Algorithm,” it is de-
duced that the fixed-point iteration

Eicrr =T pmi+mz) (Ex) (S86)

converges toward a solution of (S85). However, an explicit ex-
pression for the resolvent map of the sum M:+ Mz in (S86)
may not be available. To solve such an issue, proximal splitting
schemes are applied to compute alternative iterations that con-
verge to a solution of (S84) and that involve only the individual
resolvents of M1 and M2 at each iteration. In what follows, two
popular splitting schemes are discussed: the Condat-Vu and
the Douglas-Rachford splittings.

CONDAT-VU SPLITTING
The Condat-Vu splitting was independently proposed in [S45]
and [S46] for solving the optimization problem

g;iﬂ_gf(f) +g(Af) +h(E) (S87)
where f:R"—-R, g:R™" - R, and h:R" -~ R are proper convex
LSC functions. The function h is continuously differentiable,
and A € R™". Recalling that the proximal map is itself the
solution of a convex optimization problem [see (S25) and
(S27) in “Proximal Mapping and Proximal-Point Algorithm”],
the Condat-Vu splitting can be used for approximating the val-
ues of elaborated proximal maps, such as those appearing in
higher-order sliding-mode controllers, observers, and differen-
tiators [see, for instance, (129) and (149)]. The splitting relies
on the fact that g(A&) = supuerm{(A&, 1)—9g (1)} (Fenchel-
Moreau theorem [S28, Thm. 13.32]), so that, as pointed out in
[S45], the primal problem (S87) can be rewritten as

min liset{?rami(f, ) (S88)
where £:R"xXR" — R is of the form
L& 1) =1(&)+h(&)+{u, A )—g (). (589)

Thus, the saddle points of £ are characterized by the following
generalized equations:

0 € Vh(£)+AT i+ of (&) (S90a)

0e—AE+09g° (W). (S90b)

Proceeding in a similar way as mentioned previously, (S90) is
equivalent to the following fixed-point conditions:

£ = Proxe,r (€ — a1 (Vh(€) + A" 1))
M = ProXe,g (1 + 02AE)

(S91a)
(S91b)

for any o1, a2 > 0. It is well known that if £ and x* are so-
lutions of the primal problem (S87) and its associated dual
problem, respectively, then they also satisfy (S91); see, for in-
stance, [S28, Prop. 19.18]. The converse is true if, in addition,
a constraint qualification such as 0 € rint(A domf—dom g)
holds. Under such a total duality assumption, the following it-
eration was proposed in [S45] and [S46]:

i1 = Proxa (£ — a1 (VA(E) + AT w)))
Hje1 = ProXagg (1) + 02A (21 = £))).

(S92a)
(S92b)

Thus, if the gradient of h is Lipschitz continuous with constant
¢ and

%10"’ a1 szlmax(ATA) <1

then the iteration (S92) converges toward solutions of (S91),
implying that the sequence {{x}ken converges to a solution of
(S87).

(S93)

DOUGLAS-RACHFORD SPLITTING

Similar to the previous approach, Douglas-Rachford splitting
can be used to approximate proximal maps composed of the
sum of two maximal monotone operators. We start considering
the problem of finding £ € R" such that

0 € af(£) +ag (£)

where, as before, f and g are proper convex LSC functions.
Thus, as pointed out in [S35, p. 44], the following equivalence
is true:

0 € af(£) +3g(¢)
& Z = (Ruor ° Roag) (2), and & = Proxag (2)

(S94)

(S95)

where Raor = 2Proxas — lg is the reflected resolvent. Now, since
the operator R Ruag is simply nonexpansive, a Picard it-
eration using (S95) may not converge. To overcome such
an issue, the Douglas-Rachford splitting uses the following
Krasnosel’skii-Mann iteration

Zj1 = %Zj + %(Raaf > Raag) (Z)),
= Proxqs ° (2Proxeg — la) (zj) + (la — Proxag) (zj) (S96)

(Continued)
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Proximal Splitting Algorithms (Continued)

the convergence of which is guaranteed for any o > 0 [136,
Theorem 1]. Thus, the iteration

(S97a)
(S97b)

Zj+1 = ProXos = (2ProXeg — ld) (zj) + (ls — ProXag) (z))
&1 = Proxag(zj)

converges, and &;.1 approaches a solution of (S94) as j 1+ cc.

Example 2

The Douglas-Rachford splitting can also be used to com-
pute the proximal map in (149) and (150). This time, a split-
ting of the following form is considered:

1 5 1 3
&)= %hwﬂul El2+ %hyoml £l2 +%h2y1L| £l (207)

1

86 =S NLIEP +IPnLug + 2 €+ (208)
From Proposition 6, the expressions

Proxes(x) = Bor(x, a)zsgn (%) (209)

Proxeg(x) = Bog(x,bx, ) sgn (x — aby) (210)

are obtained, where Bu(x,a) is the unique positive root of
the cubic polynomial

2
ahA0LZ B’ + B2 + ao L2 — max{0,| x|- "‘hT’“L} (11)
that is
(14K uML)
Bos(xbre) =3 L
VAL +hpr L) + 6h2 P A L] x — by
+ L . e

Hence, by taking the Douglas-Rachford iteration (S97) with
Prox.s and Proxe as in (209) through (212), we have that {;
converges to the resolvent in (149) and (150) as j 1+ oo.

FIGURE 6 A closed-loop system. The state of the continuous-time
dynamics is sampled every h seconds. Such information is used
for computing the control input ux, which passes through a classi-
cal zero-order-hold mechanism to obtain the feedback input signal
u(t) = ux for kh <t < (k+1)h.
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Relaxation
One of the main objectives of SMC concerns the finite-time
stability of the sliding variable, whose discrete-time
dynamics is of the form

Sk+1 = Sk + p Usy(Xk) + Sk. (213)
Notice that, as the disturbance §¢ is assumed unknown,
the finite-time stability of sx cannot be achieved, so that a
new variable §i is introduced. The form of such “virtual”
sliding variable is largely open. One option consists of con-
sidering a copy of the nominal behavior as in (183). One
way of accelerating the convergence of 5x toward the origin
consists of setting the control law as

—Usy(xx) € f (5k+1) (214)
Sk1 = Sk+ f Usy (X%) (215)
where u > 0, so that the closed-loop is given as
Sk+1 = Prox,s(sx) (216a)
Ske1 = S+ %(gm — 50 + 5. (216b)

The iteration (216) is known as a relaxed iteration in the
literature of proximal-point algorithms [138]. In the cases
where 6r=0, it has been shown that (216) converges
toward a minimum of f(-) [S28, Corollary 5.16]. Moreover,
for certain values of (p/u) €(0,2), the algorithm (216)
exhibits a faster convergence compared to the case p = y;
see, for instance, [138].

Numerical Experiments

Taking advantage of the fact that the supertwisting control-
ler can be calculated in the closed form (130), it is used as a
benchmark to test algorithms that approximate implicit or
semi-implicit discrete-time inputs. It appears that there are
several ways to implement a given controller or differentia-
tor, and it is certainly crucial to launch a research effort to
tackle such issues. Consider a perturbed integrator in feed-
back with a discrete-time controller, as shown in Figure 6.
The target amounts to driving the state xo(t) toward
the origin in the presence of the persistent distur-
bance &(t) = cos(nt)sin(5vt/3). To this end, consider the
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supertwisting algorithm, taking into account the two main
approaches for its discrete-time implementation, that is,
emulation of the continuous-time controller and discrete-
time design.

For the discretization using the emulation part, three
options are considered: 1) the explicit (forward) Euler dis-
cretization, 2) the implicit (backward) Euler discretization
in [35], and 3) the semi-implicit discretization in [36]. For
the first case, the control law takes the form

1 1
uy =—yoL2| xox|2 sgn (xox) + Vi,
Vi+1 = vk —hy1 Lsgn (x0k). (217)

For the second case, the control law takes the form

1
ux=—7yoL2 Brsgn (xox + hvi) + vy,

. Xok+ hvy
hy1LPro]<[ 1'1]'7h2y1L ),
. 1 2.2
Br= héoLz +\/h ZOL +max {0,| xox+hvi |- h2y1L},
. Xox+ hv
Ve =vi— hylLPro]<[— 1,1];%). (218)
For the third case, it takes the form
_ _ Sy CXok Tt hvi )
Ur = Vi ,ukPro]<[ 1’1]’—h,uk ,
. +
Vi+1 = Vi — hY1Pro]<[— 1,1];%)
1 1
Mk = YoLﬂ X0,k |2 +hyiL. (219)

For the direct design in discrete time, we consider the
following controller [89]:

ux =—7yoBrsgn(x1x) — 2hy: Proj([— 1,1];%) + vy,
1
Be=—"10 4 L /g + 4max(0, [xuil - Py1),  220)
Vi1 = Vi— hylProj([— 1,1]; hle)//i >

The controller (220) is in explicit form, though strongly
motivated by the implicit controller obtained from the
backward-Euler discretization (218). In addition, the split-
ting schemes (S92) and (S97), applied to the implicit
supertwisting algorithm in (112), are also considered.
That is, each splitting scheme is tailored to solve the opti-
mization problem

min 2hyoLz| ]2 + B2y1Ll €]+ 2(& — (eox+ v B. (221)
Fer 3 2

As a last scheme to compare, we solve the problem (221)

numerically at each time step by using the interior point

solver Clarabel [139]. Listings 1 and 2 show the code imple-

mentation in Python 3 used for the Douglas-Rachford and
Condat- V1 splittings, respectively.

Listing 1: Douglas-Rachford Splitting for the
Supertwisting Controller (218)

import numpy as np

def bracket (x, a):
return np.sign(x) *np.abs(x) **a

# Resolvent of operator A 0(x) =
|x|*{0.5}sgn (x)

def J AO(alpha, x, h ¢, g0):
beta A = (-alpha*h c*g0 +
np.sqgrt ( (alpha*h c*g0) **2 +
4.0*np.abs(x))) /2.0
return (beta A**2)*np.sign(x)

def J Al(x, h ¢, gl):
return 0 if np.abs(x) <=(h c**2)*gl else
v-(h _c**2) *gl*np.sign (x)

def sta dgl rfd(h ¢, g0, g1, x 0 k, nu,
x 0 tilde, w, N):

O S S S
#Initialization of variables
e e e

r =x 0 k + h_c*nul[-1]

z = w[-1]

S S

#Main iteration loop

S S

for i in range(N) :

R Al = 2.0*J Al(z, h c, gl) - z
z = 0.5%(z - R Al) + J A0(0.5, 0.5*(r +
R Al), h ¢, g0)
f=====================================

uk = -(x 0k - x 0 next tilde)/h ¢

nu next = u k + gO*bracket (x 0 next tilde,
0.5)

S

#Storage of variables

T

x 0 tilde.append(x 0 next tilde)
nu.append (nu_next)

w.append (z)

return u k
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For simulations, the initial condition x0(0) =5 is taken,
and several discretization steps 100 s < h < 15 are consid-
ered. For each simulation, a final time of ¢y = 20 s is chosen.

Explicit —— Implicit
Semi-Implicit Andritsch Modification
- - - Douglas-Rachford - - - Condat-V{

- - — Clarabel Solver
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FIGURE 7 Norms and total variations of state and control signals for
several discrete-time supertwisting controllers. In terms of the Lz
-norm of the state xo and the control input u, the implicit controller
(218) (and its associated splittings), the semi-implicit controller
(219), and the numerical solver for (221) have a similar behavior for
all sampling times. In terms of the step-to-step variation (222) of
the control-input sequence, the explicit controller shows the larger
values. It is noteworthy that for sampling times h <2ms, the
numerical solver presents an increment in the variation of the con-
troller u, indicating the presence of numerical chattering. In terms
of the [ Xoll,_qs20p the controller (220) shows the best perfor-
mance for h <200 ms.
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Figure 7 displays the L,-norm, the L.-norm, and the step-
to-step variation SVar of the state and control signals for
different sampling times. The latter is defined for a finite
sequence {£i} of N samples as

SVar({&) = 1:2:32 | k1 — Exl. (222)

For large sampling times, 0.5s5 <h <1s, all controllers
lead to similar values on the L,-norm of the state xo.
Notice that, in terms of the L>-norm of the control input
and the step-to-step variations, the controllers (220) and
(217) are less performant. Indeed, for the explicit con-
troller (217), SVarjo0)({ux}) = 500 units, regardless of the
sampling time. For smaller sampling times, that is,
2ms < h <20ms, all controllers perform in a similar
way in terms of the L,-norm of the state and the input,
even though the step-to-step variation of the state with
the controller (217) is also higher than in the other cases.
Finally, when h <2ms, all the controllers show the
same performance, except for the numerical approach,
which shows a sudden increment in the step-to-step
variation of the input u [that at some point even sur-
passes that of the explicit controller (217)]. Such an incre-
ment in the step-to-step variation, while maintaining
the L-norm unchanged, is a sign of the presence of
chattering in the input.

EXPERIMENTAL RESULTS AND VALIDATIONS

A Quick Review

Implicit and semi-implicit control and differentiation algo-
rithms have been experimentally tested, mostly on labora-
tory setups. It is noteworthy that the fundamental
properties, like insensitivity with respect to the gain during
sliding phases [stemming from (79), (100), and (138)], mod-
erate deterioration of the performance with increasing
sampling times, and significant chattering alleviation at
both outputs and inputs, are validated experimentally; see,
for instance, [21], [34], [140], and [141]. It is also often
observed that explicit and implicit algorithms behave simi-
larly for very small sampling times, though no clear expla-
nation of this fact has been given yet. The classical
first-order sliding-mode controller [34], [140], [141], the
twisting controller [140], and several higher-order and
homogeneous differentiators have been implemented and
compared using an electropneumatic system [39], [93], [134].
Homogeneous differentiators have been tested on an RLC
circuit [142] and on cable-driven parallel robots [143] to esti-
mate velocities and accelerations; differentiators have been
implemented on dc-dc buck converters in [144] and [145].
Various discretizations of the classical first-order SMC [21],
a switching input upgrading linear control [146], and sev-
eral higher-order differentiators [93], [134], [147] have been
tested and compared in closed loops on the inverted
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pendulum and the rotary inverted pendulum (including
cascaded first-order differentiators). Set-valued admittance
controllers [114], [148], [149], [150], [151] and first-order dif-
ferentiators [97] have been tested on robotic systems. The
supertwisting observer and sliding mode observers have
been validated in silico for pancreas and diabetes control,
and glucose regulation with insulin infusion, in [152], [153],
and [154].

A parabolic differentiator is implemented on a dc ser-
vomotor equipped with an optical encoder in [113], and
homogeneous differentiators are used to estimate output
derivatives for the control of an airfoil section [155]. A set-
valued antisway controller is applied to an overhead
crane in [156]. A supertwisting observer is applied to a
magneto-rheological clutch in [157] and [158], while a
supertwisting controller semi-implicitly discretized is
applied to an electromechanical system with time delay
in [159] and on a linear motor speed control with satura-
tion in [160] and [161]. The backward-Euler discretiza-
tions of the supertwisting (with suitable modification of
the emulation version) and of first-order SMC are applied
on the speed control of dc motors in [162] and extensively
compared to forward-Euler schemes. Various controllers
(supertwisting, first order, etc.) are applied on a floating-
wind turbine in [163], [164], and [165] and on a magnetic
resonance image patient-positioning system in [166], with
extensive comparisons with other types of controllers.
The supertwisting controller is applied to functional
electrical stimulation of the index finger’s metacarpopha-
langeal joint in [167]. A first-order sliding-mode set-val-
ued input is designed for the stabilization of a nonsmooth
model of a hydraulic actuator in [37]. It is applied to an
industrial commercial excavator [168], [169], [170] and to a
force controller for hydraulic actuators [171]. Sliding-
mode observers are tested on a surface permanent magnet
synchronous motor in [133] and extensively compared to
conventional observers (robustness, chattering, execution
time, etc.).

Toolboxes

A toolbox for automatic gain-tuning of higher-order differ-
entiators implemented with the backward-Euler method,
as introduced in the “Higher-Order Differentiators” sec-
tion, is proposed in [87] and [172]. See also [173] for a tool-
box dedicated to differentiators with the forward-Euler
discretization and [174] for the implicit discretization of a
Levant differentiator.

Typical Experimental Results

We present a few experimental results that have been
obtained in [21], [34], [128], [140], [141], [175], and [176] in two
setups: an electropneumatic system and an inverted pen-
dulum. Two controllers are tested: the classical first-order
SMC and the twisting algorithm. They illustrate some
important properties of backward-Euler schemes. Our aim

Listing 2: Condat-Vi
Controller (218)

import numpy as

def bracket (x,

Splitting for the Supertwisting

np

a) :

return np.sign(x) *np.abs (x) **a

# Resolvent of
|x|*{0.5}sgn (x)

def J BO(x, h c

operator B 0(x) =

, g0):

beta = (-h c*g0 + np.sqgrt((h c*g0) **2 +
4.0*np.abs(x))) /2.0
return (beta**2)*np.sign(x)

# Resolvent of
(a sgn(x))“{*}

def J Bl(x, a):
return x if
sign (x)

x 0 tilde,
e e
# Initializatio
R

m = mul[-1]

operator B 1(x) =

np.abs (x) <=a else a*np.

for i in range(N) :
z next = J BO((1 - al)*z + al*(x 0 k +

In,_@=m [=
m =

giL=ln_@sw
z = z_next

uk=-(x0%kk -
nu next = u k +
gO0*bracket (

x 0 tilde.appen
nu.append (nu_ne
mu . append (m)
return u k

1] - m, h ¢, go)

J Bl(m + a2*(2.0*z next - z),

2)

x_0 next tilde)/h c

X 0 next tilde,0.5)

d(x 0 next tilde)
xt)
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is to illustrate the main specific features without present-
ing details that are available in the cited articles.

The first property is digital chattering alleviation and
magnitude decrease in the input (see Figure 8 for

o N A O ®® O

0 2 4 6 8 10 12 14 16 18 20

FIGURE 8 Typical control inputs for (a) explicit and (b) implicit first-
order SMC with the same gain and sampling period [175, Figures
4 and 5]; see also [34] and [176]. The horizontal axis corresponds
to time (s). See [177] for further illustration of chattering alleviation.
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FIGURE 9 Twisting controller: the evolution of the average tracking

error with respect to the sampling time for both implicit and explicit
discretizations [128, Figure 4.3].
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first-order SMC applied to the electropneumatic setup [34]
and [177] for a video showing the setup). The explicit con-
troller [Figure 8(a)] switches between the two extremes of
the sign function at each sampling step; this is a high-fre-
quency bang-bang signal. In contrast, the values of the
implicit controller are selected from the graph of the sign-
set-valued map at each sampling step. Consequently, when
the sliding surface has been reached, the amplitude of the
explicit controller depends on the feedback gain, whereas
the amplitude of the implicit controller is independent of
such gain, and it only depends on the disturbance [in this
case, a square force signal; see Figure 8(b)]; we are there-
fore exactly in a situation where (100) [or (79) for the pas-
sivity-based first-order SMC] holds.

Figures 9 and 10 depict experiments on the same elec-
tropneumatic system, using the twisting algorithm for a
trajectory tracking task [107], [128], [140]. In Figure 9, it is
observed that the performance of the explicit implementa-
tion deteriorates as /1 increases, whereas the implicit one
maintains a very good performance level. In Figure 10, the
gain insensitivity property [as a consequence of (24) and
(100)] is shown for three different sampling times & and a
large range of control gains [equivalent to K in (22)]. Very
similar results on gain insensitivity are obtained in [21]
(first-order SMC and inverted pendulum) and [34] (first-
order SMC and electropneumatic system). Figures 11 and
12 show the evolution of the system’s output for two dif-
ferent sampling times (first-order SMC and electropneu-
matic system [34]). Explicit and implicit controllers
produce similar outputs for very small h [Figures 11(a)
and 12(a)]. However, it is striking to notice that although
the explicit method displays large chattering for h =15
ms, the implicit one remains with very low chattering for
both =2 ms and & =15 ms. This confirms the results
depicted in Figure 9. This also demonstrates that both
methods yield similar outputs for very small /;; the inputs
are, however, still quite different from each other (they
always look like the signals in Figure 8). Quite similar
results are obtained with a first-order SMC applied to a
six-component thrust generator installed on the head of a
floating-wind turbine [164, Figs. 7-10], where codimension
n = 2 sliding surfaces are considered.

CONCLUSIONS AND PERSPECTIVES

The implicit (or backward-Euler) discretization of set-
valued sliding-mode systems has received significant
attention during the last decade since it was shown in [32]
that it applies to systems with unknown matched distur-
bances and is an efficient way to significantly alleviate
the digital chattering at both the output and the input.
This article aims to show the close link between implicit/
semi-implicit discretization of set-valued SMC and dif-
ferentiation, and optimization. In particular, proximal-
point algorithms using the resolvents of maximal
monotone operators are shown to be at the core of the
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FIGURE 10 (a) and (b) Twisting controller: the evolution of the average tracking error and the implicit control magnitude when the gain
varies, for three sampling periods [128, Figure 4.8] (gain = 10° in Figure 9).
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FIGURE 11 The explicit method. (@) h =2 ms and (b) h =15 ms:
constant control gains [175, Figures 2 and 3] and [34]. The sig-
nals y and yrr are the position output and the desired output of
the electropneumatic setup. The horizontal axis corresponds to
time (s).
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FIGURE 12 The implicit method. (@) h=2 ms and (b) h =15 ms:
constant control gains [175, Figures 2 and 3] and [34] and [141].
The signals y and ywt are the position output and the desired
output of the electropneumatic setup. The horizontal axis corre-
sponds to time (s).
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analysis and of the implementation of implicit methods.
The crucial role played by passivity in the design of
implicit discretization of first-order sliding-mode algo-
rithms is highlighted. Robust, time-varying, Hamilto-
nian, and higher-order versions of the proximal-point
algorithm are introduced. Computational issues, which
are crucial for real-time implementations, are analyzed.
Splitting and relaxation algorithms, which provide sys-
tematic ways to solve the generalized equations associ-
ated with the one-step problems, are reviewed. Some
numerical experiments illustrate the presentation.

It is our belief that the analysis of this class of algo-
rithms is still in its infancy, but existing results and exper-
iments show its great potential. The implicit discretizations
of infinite-dimensional systems (maximal monotonicity
being well suited to the study of some classes of partial
differential equations), output feedback control, fixed-
time and prescribed-time convergent systems, and the
influence of neglected dynamics combined with the dis-
cretization method (which is the prominent effect?) are
still largely open problems. The problem’s complexity
(which can stem from the sliding surface codimension
or from the controller/differentiator’s structure) also
deserves future studies. Finally, it appears that a gap
exists between monotonicity (extensively used in this
article) and homogeneity (recently extensively used in
continuous-time sliding-mode systems design). Analyz-
ing the link between both deserves future attention as
well. The choice of solvers for the one-step generalized
equations also represents an important question for real-
time implementation.
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